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The vibrating string in keyboard instruments J. Lincoln
Abstract
In this thesis some aspects of the acoustics of the 
piano and harpsichord are discussed.
Initially the wave equation for the vibrating string 
is derived. Since the strings in the piano are not perfectly 
flexible the wave equation is extended to take into account the 
stiffness of the strings.
The Wave equation thus modified affects the frequencies 
of the partiale of the strings. The predicted frequencies are 
compared with the actual frequencies on a piano. The discussion 
is then continued to show how this affects the actual tuning of 
the instrument. Computer and programmable calculator programmes 
are used in these predictions.
The theoretical basis for the spectra of piano and 
harpsichord strings are discussed and brief notes included on the 
effects of hammer width and string stiffness.
The final experimental section deals with the reverberation 
times for piano and harpsichord strings, taking account of the 
effects of multiple stringing. Multiple stringing is found to 
affect the piano strings but not the harpsichord strings reverberation 
times. No accurate measurements of harpsichord reverberation times 
could be found in the literature, and the experiments were extended 
to include the effects of the buff stop.
The conclusions contain several suggestions for further
study and stress the importance of piano scaling. It is noted that
. . . i
scaling is also of importance to the musician when selecting
instruments for the performance of duets, especially with regard 
to tuning compatibility.
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List of symbols
Listed below are the symbols used in the following paper 
with their meaning and page where they are first used or defined.
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Amplitude
Amplitude
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Velocity of propagation of a wave
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Symbol Meaning Page
V Velocity amplitude of a particle of a string 1.13
Hammer width 4,7
X Rectangular co-ordinate
y Rectangular co-ordinate
Y Complex Young’s Modulus 4.22
Zi Input impedance 1.10
Zs Characteristic impedance I.9
Zf Termination impedance 4,9
« Angle _ 1,3
Power transmission coefficient 4,9
Power reflection coefficient 4,9
P String stiffness constant 2.5
Inharmonicity of n^^ mode in cents 2.8
é  Space average energy density 1.13
B  Angle 1 , 3
^ Radius of gyration 2.3
X Wavelength
^  Linear density 1^3
^  Ratio of circumference to diameter (circle)
Ç Density  ^ g
Angular frequency = 2 iTf 1^5
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ADDENDA AND CORRIGENDA
Page 1.7, line 18.
should read *where is the frequency of the n^ mode'
Page 1.9, Note on section 1.5.1
In theoretical treatments of the vibrating string, ’r ’ is 
often used to represent the radius of the string. This has been followed 
here. However, in practice, it is the diameter of the string which is 
usually measured using a micrometer. Hence in practical discussions 
such as Appendix 1 the diameter ’d ’ of the string is a more appropriate 
mea sûrement.
The characteristic impedance of a string is often denoted 
by Zc rather than Z& as in this thesis.
Page 1.9, line 26.
for * independant' read ’independent*
Page 1.10. Note on section 1.5.2.
This section deals with a finite string terminated at x=0.
At x=0 the string is driven by some external agent, hence the derivation 
is of the driving point impedance , being the ratio of driving force 
to the velocity of the end point of the string.
iSt«AAc\ Ve*vsv«*v ~r.
Fig 0.1
fit »C rr 0  Iv = ^
V  y a c « - o
F = _  T  f 3^/ \
V 3== )x.*0
Hence, the graphs on page 1.11, fig.1.3 represent driving point impedance
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and the corresponding r.m.s. velocity and r.m.s. driving force.
Note that since the quantities are r.m.s. values, the graphs do not 
indicate the situation at a given instant of time.
If the input impedance is defined as the ratio of transverse
tension to velocity at the end point of the string, the resulting
graph of input impedance would be a cot curve and not the -cot curve 
shown.
Page 1.12, lines and 15.
should read * the maximum potential energy must have the 
same value as the maximum kinetic energy’
Page 1.13, from line 13»
should read ’Since the amplitude of the standing wave is 
twice that of the components, then from eqn, 1.17
Energy density = £  = y x  R  (1.19)
where A is half the amplitude of the standing wave.
Page 1.14. 1ine 7.
The equation should be labelled ’ (Eqn. 1.21) ’
Page 1.15. line 21.
for ’this if inadequate’ read'this is inadequate’.
Page 1.16.Note on figure 1.4
This diagram shows the motion of the bridge of a piano.
For clarification of the construction of the bridge refer to fig 0.2 
on page 0.11.
Returning to fig. 1.4, the upper diagram shows the 
relationship between the motion of the string and the motion of the 
bridge when the bridge is ’spring’ controlled. The effect is to lower 
the frequency of the particular mode of the string beinc c <;idered.
The lower diagram of fig 1.4 shows a mass controlled bridge, the 
effectbeing to raise the mode frequency of the string.
StnKOj
T-ic\ Oi2>
Sc3L>\iV>oïxrè
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Page2.2. line 14
should read * M qi l/R *
Page 2.5. line 10
equation 2.6 should read
= 0
Page 2.7. line 19
equation should read 
k, = "
4- e)
Page 2.8 . Note on equation 2.17
In this equation the p  is a constant obtained from
experiment and therefore is not identical with the p  values
referred to earlier.
Page 2.8. Note on equation 2.19
An expansion and approximation of ln(l + x) has been used
to obtain this equation, and also the approximation F = f^ ^
Page 2.11. line 22
for ’infromation* read ’information*
Page 2.15. line 4 S»
>2.00
equation 2.26 should read F = f x 2now'
Page 2.23. line 14
for ’uproght’ read ’upright’
Page 2.23. Note on section 2.7.3
An abrupt change in inharnioni city would be audible as 
a distinct change in tone and hence urdesirable. Occasionally a 
string exhibits a high value of inhartnonicity due to a twist or 
having been kinked and later strai'■ htened; - this string would be 
referred to as ’false’ by a tuner, and would cause difficulties in 
tunin^_the instrument.
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Page 3.8, line 3
should read ’on the values of ^ which in turn is 
dependent on the string *
Page 3.1^, Note on final paragraph
The graph (after Railsheck) shown hy Schick and Young 
shows the stretch in tuning over the whole range of the piano and 
not just the tuning octave.
Page 4.6, line 11
for ’supperposition* read superposition*
Page ^.6, line 20
Since X, is not used in the quoted formulae, this line 
should be omitted.
Page 4.7, line 11
for ’recieve* read ’receive*
Page 4.10. line 12
for ’eqn. 1.6 may’ read ’eqn. 1.16 may’
Page 4.11i line 10
for ’give’ read ’gives’
Page 4.11. Note on section 4.5.1
Triple stringing is shown in figure 0.2 on page 0.11 . 
This figure also shows that at the upper bridge the sounding length 
of the string is terminated in a ’hinge’ type termination over the 
upper iron frame. At the lower end of the sounding length of the 
string it is effectively clamped in two directions; by the offset or 
side-draught caused by the bridge pins, and by the change in angle 
(down bearing angle 0  ) made by the string as it passes over the 
bridge, shown in fig. 0.3 •
0.14
Comments on the coupled motion of piano strings
Since writing the following thesis, the work of 
G, Weinreich has been brought to my attention. The following papers 
have been consulted in the compilation of this addenda.
WTSINREICH,Go, "Coupled piano strings" J.A.S.A., vol 62, no 6 ,
Dec 1977, pp. 1474-1484.
WEINREICH,G., "The coupled motions of piano strings" Scientif ic 
American. Jan 1977, pp.118-127.
The instrument used by Weinreich in his experiments was 
a Steinway grand piano. The use of a grand piano leads to the 
following convention which is used in the following discussion - 
string motion in the plane of the striking hammer (perpendicular to 
the soundboard ) is referred to as vertical motion ; - 
and motion at right angles to the plane of the striking hammer 
(parallel to the soundboard) is referred to as horizontal motion.
Weinreich shows that a single string can exhibit ,a 
double decay. This is due to the existence of two polarisations 
of vibrations of the string. The vertical mode of oscillation is 
the main motion excited by the hammer, but irregularities in the 
hammer may excite some horizontal motion. The vertical mode of 
oscillation decays much faster than the horizontal mode since the 
resistive part of bridge admittance is much greater in the vertical 
direction. The reactive part of bridge admittance is approximately 
the same in both directions.
When two fitrings cross the bridge of a piano at almost 
the same place the decay rate will depend upon the phase relationship 
between the vibration of the two strings. At one extreme of phase 
relationship they may vibrate in anti-phase, in this case the bridge
0.15
will experience no net force, and the decay rate will he zero 
since the only mechanism being considered for dissipation is that 
of bridge motion. At the other extreme of phase relationships 
the strings may vibrate in phase, doubling the motion of the 
bridge and doubling the decay rate from the single string case.
A  similar effect will be observed for triple stringing, although 
the situation could be very complex due to phase relationships.
In practice the motion of the/strings will neither be
exactly the same (symmetric) or exactly opposed (anti-symmetric),
and minor imperfections in the hammer could result in the amplitudes
of the string vibrations not being equal. If the two strings are
in phase, but one has a larger amplitude than the other, both will
lose energy at a faster rate than if it were vibrating alone due to
the assistance given by the other string to bridge motion. The string
with the lesser initial amplitude will decay through zero and vibrate
with a negative amplitude, i.e. in anti-phase. The two amplitudes will
asymptotically approach one another with opposite phases until they
are exactly anti-symmetric. It is the initial symmetric motion of the
strings that give rise to the initial sound and the later anti-symmetric
motion of the strings which give rise to the aftersound.
*
If the two strings begin their motion anti-sjinmetrically 
and are not at exactly the same frequency, the string with the 
higher natural frequency will advance in phase so that the strings 
are no longer purely anti-symmetric. This will exert a small force 
on the bridge which is approximately a quarter of a cycle out of 
phase with both of the strings (leading one string and lagging the 
other). The bridge will begin to move in phase with this force if 
the impedance of the bridge is purely resistive. For the in-phase 
string the bridge is acting as a spring controlled support and
0 .16
for the anti-phase string the bridge is acting as a mass controlled 
support.Referring to fig 1.4 and the note on page 0.10 it can be 
seen that the frequency of the in-phase string will be raised and 
the frequency of the anti-phase string lowered, until they are both 
vibrating at the same frequency. Hence a slight mis-tuning will result 
in a sound of single frequency with a slow decay. A similar result 
is obtained if the two strings begin their vibration symmetrically. 
However, if the mis-tuning is larger, then the resultant sound 
will beat at the difference frequency, and the decay rate of the 
symmetric and anti-s}Tnmetric motion will become equal to the decay 
rate for uncoupled strings.
The double decay is due to both the mistuning and the 
contributionsdue to the horizontal polarisation and the anti-symmetric 
motion. The tuner can control the decay in some measure by the way 
in which he tunes the unisons.
Fig 0.4
vJevJcs leÇf
JcxcU s rîg V ik
The lack of double decay in the harpsichord is probably due 
to the lack of coupling between unison strings. From fig, 0,4 it can 
be seen that due to the arrangement of the jacks, the separation of 
the unison strings is in the order of 10mm. For the piano, the 
separation is in the order of 3-4mm, and the bridge structure is also 
more substantial. Hence the coupling between unison strings of a 
harpsichord is less than that of the piano.
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Note on inharmonicity experiments
The data from the inharmonicity experiments in section
2 .7.2 was analysed using a statistical programme on a pocket calculator. 
Graphs of this data wens also plotted, hut not included in the thesis.
A typical graph (showing the data from page 2.17) is shown 
overleaf on page 0.18 . Graphs of each of the tables of results
from measurements of inharmonicity are similar. They each show- 
very good correlation to the straight line for the higher harmonics, 
and apparently random results for the lower harmonics. In the region 
of these lower harmonics the bandwidth of the analyser is of the same 
order as the amount of inharmonicity.
Example;
3rd partial of the C2 string, measured frequency 197 Hz 
Harmonic frequency = 3 x 64.975 = 194.925 Hz
Difference frequency is approx. 2 Hz
but bandwidth of analyser is 3.16 Hz ,
Hence the large errors at low- frequencies.
C. f\u m
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Experiment to determine if the soundboard contributed significantly 
to string inharmonicity
This experiment was carried out during the original 
work on inharmonicity, and was not included in the thesis. It was 
how-ever discussed at the viva-voce examination, and it was advised 
that a brief description should be placed in the addenda.
The aim of the experiment was to compare the inharmonicity 
of a string on a soundboard with that of a similar string supported 
by a steel girder. The inharmonicity of the A2 plain w-ire string' on 
a Steinway grand piano was measured, using the same techniques 
described in section 2.7.2 of the thesis except that an electromagnetic 
pick up was used in place of a microphone. The pick up was placed 
near the end of the string so as many partials could be recorded 
as possible.
A string of similar dimensions was then strung on an iron 
girder fitted with a metal bridge similar to that of the piano, 
and also a wooden bridge; the distance between the two being the 
same as on the grand piano. The same pick up as was used in the 
experiment on the piano was placed in a similar position and a 
single note action used to ’sound* the string.
I/I
|Cnrt*r>
tpp>tcv
lûü»nm
7ne results obtained are shown graphically on page 0,20,
The results were also analysed using the calculator programme in 
appendix C l .
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From the calculator programme
Inharmonicity of string mounted on girder B = 0,059 cents n ^
correlation coefficient 0.97 
Inharmonicity of string on piano B = 0.051 cents n ^
correlation coefficient 0.95 
From these results it can he seen that there is no significant 
change in inharmonicity due to the soundboard. It should however 
be noted that the soundboard resonances will contribute 'random* 
changes to the frequencies of the partials depending upon the 
placing of the soundboard resonances, (see note on page 0.10 and 
fig 1.4.) A partial frequency which is slightly lower than a 
soundboard resonance will ’see* the soundboard as a 'springy* 
termination and hence the partial frequency of the string will be 
lowered.
A note on piano tuning practice
The system of piano tuning described in the thesis is 
the most common employed in the U.K., being that taught in colleges 
offering courses in piano technology. Some tuners, however, use a 
different system relying on higher harmonics. When tuning fifths 
instead of listening to a third partial and a near coincident second 
partial they listen to the sixth partial of the lower note and the 
fourth partial of the upper note. This leads to a slightly different 
scale, and if the practice of listening to higher harmonics is also 
used when tuning octaves a greater ’stretch' in tuning will occur 
compared t(^ 4,hat achieved when single octaves are used.
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A  note on pianos used for duets
A simple experiment >vas, carried out to confirm that differently 
scaled instruments lead to a different tuning. Two upright pianos, 
one an upright 'mini* piano, the other an older traditional style 
piano were tuned hy the same experienced piano tuner. Whilst one 
piano was being tuned, the other had its strings damped to prevent 
any resonances from giving 'clues* to the tuner. The pianos were then 
compared note for note, slight differences in tuning being noted 
in the turning octave. Outside the tuning octave the differences were 
much greater, and would be noticeable in performance.
When two identical 'mini* pianos were subjected to a 
similar test there was a much better agreement of the tuning, 
although the tunings were not identical. Hence the recommendation 
on page 5.3 concerning pianos for the performance of duets.
1.1
BASIC THEORY
1.1 Introduction
It is believed that Brook Taylor was the first to 
develop a * correct’ formulae relating the frequency, length, 
tension and mass for the vibrating string, in a paper published 
in 1713. In 1747, d'Alembert published a paper in which he 
derived the differential equation for wave propagation along a 
vibrating string. These papers have been published recently in a 
collection of early papers edited by LINDSAY (1973).
Most standard texts on acoustics contain a development of the 
wave equation, as the techniques required are between those 
applied to the simple oscillator (single mass and spring system) 
and those applied to the two dimensioned oscillator (such as plates 
and membranes). The most commonly cited texts are those of 
RAYLEIGH (1894) and HELMHOLTZ (1885).
If a string is stretched between two fixed points and 
the string is struck (or plucked) at some point along its length, 
the string will be seen to vibrate. This vibration is the result 
of transverse wave motions travelling along the string in opposite 
directions and successive reflections of the wave from the fixed 
ends of the string. The wave motion down the string may be simply 
observed if a rope is fixed at one end and the other end held 
in the hand. A disturbance sent down the rope will be seen to 
travel with a velocity dependant on the tension in the rope and to 
be reflected and inverted at the fixed end. If a transverse wave 
could be sent down the rope to a free end it would still be 
reflected, but not inverted. These reflected waves give rise to 
what is known as a standing wave on the vibrating string and to
1.2
nodes and antinodes described in school physics textbooks and 
musical acoustics texts such as BACKUS (1970),
An alternative method of analysing the vibration of a 
string is to consider the string as being made up from a number 
of point masses equally spaced along the length of the string. This 
leads to the conclusion that the number of possible modes of transverse 
vibration is equal to the number of point masses. When the 
analysis is extended to an infinite number of masses an infinite 
number of transverse modes are found to be possible. This method of 
analysis is given in a diagrammatic form by BENA.DE (1976). This 
method is also suited to simulation of string vibration by 
computer,and was extended to take into account string stiffness 
by BACON & BOWSHER (197 ). An analysis by this method, although 
more complex, yields the same result as that by considering the 
propagation of a transverse wave on a string.
1.2 The wave equation for strings
The wave equation for strings was first derived by 
EULER (1748). The wave equation can be derived by considering 
the forces acting to restore a segment of the vibrating string 
to the equilibrium position.
The string is assumed to have
negligible stiffness
uniform linear density ijx )
rigidly supported ends
constant tension ( T )
no loss of energy, either due internally 
to bending or externally to radiation.
These assumptions are generally accepted as being reasonable,
1.3
provided the amplitude of vibration of the string is small and 
the string is thin, i.e. its length is very large compared with 
its diameter. The analysis does not take into account other forms 
of vibration such as longitudinal or torsional modes.
If the segment of the vibrating string is at a position 
X from an arbitrary datum point, and the segment has length ix, 
this can be represented as shown in fig. 1.1 . The tension in the 
string is T, and the transverse displacement is in the direction
cc
Resolving the forces in the y direction
Sum of the forces = (mass of segment) x (acceleration of segment) 
If is the linear density, i.e. mass per unit length
~~r ( CSC —  0  ) - yUl â: a e
If the angles ot. and O  are small , using the approximation 
sin X  = X ,  yields
T (l.l)
a t »  ^
This shows that the transverse acceleration at a point on a string 
is directly proportional to the rate of change of the slope at that 
point.
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Equation 1.1 is linear, since it involves only the first power 
of the derivatives which means that the principle of superposition 
may he applied, i.e. the total displacement of two or more 
component displacements is additive. Dimensional analysis 
shows that has the dimension of velocity. The equation is 
known as the wave equation and represents a wave disturbance
propagating along a string with a velocity , this will be
sho^vn later in this chapter.
1.3 Solutions of the wave equation
Equation 1.1 is a second order partial differential 
equation and hence its complete general solution consists of two 
arbitrary functions. Two such functions may be written
y * ft cxtKcL y ^ 4L  Coc-¥ct)
These may be combined,since the principle of superposition applies 
to give
Partial differentiation gives
^ (x-tt) 4 (x+ct)
/at
and
 ^ *  ft ( x - c t )  4- fx
where f is ér\/
àx
This gives the wave equation in the form
a',
V  6 -5 )
1.5
The general solution for the wave equation (Eqn. 1.2) represents 
the propagation of an arbitrary waveform in the direction tx 
and also the direction -x. This is shown both mathematically 
and in diagrammatic form by HUNTER (1957). The positive x 
propagation is represented by the term
fi (=<: - c.t) 
and the negative x propagation by the term
The velocity of propagation in both directions is c . 
Comparing equations 1.1 and 1.3 gives
It is possible to continue with the general solution, and impose 
boundary conditions, but it is more useful to consider a harmonic 
solution.
Such a solution may be written
a . B, R, (' ^1
where
A  is the wavelength and k the wavelength constant or wave number*
An alternative method of showing the velocity of 
propagation of a pulse on a string is given by MORSE (1948). If 
a string under constant tension T is subjected to deformation by 
a frictlonless tube, the force exerted by the string on the tube
1.6
is given by
^  c
where G is the angle subtended by an elemental arc of the deformation 
and c is the velocity of propagation of the deformation 
The net force is thus zero when
which agrees with eqn. 1.4-
Hence the deformation set up by the tube will continue to exist 
without the presence of the tube as long as the velocity c persists. 
FEATHER (1961) quotes the above derivation as being first used 
in connection with the vibrating string by P.G. Tait in 1883.
1.4 The finite string
When a string is terminated at a fixed point equation 1.5 
applies just as it does for the infinite string. However the 
complex constants A^ and A^ are no longer arbitrary since 
the displacement of the string at the termination must at all 
times be zero. This occurs if the two parts of the equation are 
equal and opposite. If the termination is at the point x=0, 
then equation 1.5 reduces to
y  ”  O  (-X <
where A is complex.
Using Euler’s relationship this may be written
(i-t)
Ü - (sùs W x ]
'•7
This no longer represents a wave travelling along the string, 
but a standing wave. That is each point of the string moves 
with simple harmonic motion, that points amplitude depending 
on the value of sin(loc) at that point.
If the other end of the string is terminated at x=L, 
then the displacement at this point must again be zero. In order 
that eqn. 1.7 should also satisfy this boundary condition 
sin k L = 0 or k L * n
where n is any integer.
Hence
X =
This confines the harmonic vibration of the string to those 
modes where the half wavelength multiplied by some integer is 
equal to the length of the string. Therefore only certain frequencies 
of vibration are possible, these frequencies being given by
where n is the mode number
f the frequency of vibration 
T the tension
ji the linear density, cWL L  tKe bke
This is often known as Mersenne’s Law , since it confirms 
the laws of vibrating strings discovered by Mersenne in 1638.
These are summarised by WOOD (1937) as follows ;
1• For a given string and a given tension the frequency 
varies inversely as the length (this principle was 
known to Aristotle).
2. For a string of given length and material the 
frequency varies as the square root of the tension 
applied.
1.%
3. The frequency of vibration of strings of the same 
length and subjected to the same tension, varies inversely 
as the square root of the mass yt per unit length of 
the string.
A discussion on practical versions of Mersennefs law is contained 
in Appendix 1 *
The general form for the instantaneous displacement for the n^^
*
mode is given by
Co5 + 5  ^Sin. ^
The shape of the vibrating string is often represented as below 
to show displacement nodes and anti-nodes, where a node is a 
position of no displacement and an anti-node a position of 
maximum displacement.
T^ is the period of the fundamental mode. ^
t^o
L- ■TV/2.
t'
Fundamental mode
Second mode
t-o
/  
t '
Third mode
Fiu 1.2
1.9
Since superposition applies, the displacement is given by the sum 
of any number of modes*
y = ^  ^  A w  Cos co„t + b a  svA t j (i.ic)
Thus, the infinite string which is a medium for wave transmission
becomes a medium for standing waves when confined by boundaries. 
However these standing waves may also be thought of as two waves 
travelling in opposite directions.
The solution (1.10) is quoted by RAYLEIGH (1894) as being 
originally derived by Daniel Bernoulli in 1755.
1.5.1 Characteristic impedance of the infinite string
The characteristic impedance of a string is defined as the 
ratio of transverse tension to the transverse velocity at any
point on an infinite string carrying a progressive wave.
At each point on the string there is exerted an equal 
and opposite tension, if we take the tension exerted in the direction 
of travel of the wave and the wave is travelling in the positive 
X direction, then the tension is —
From the above definition
- " T  (  /B z :)
Characteristic impedance = = — -----------  (1.11)
^y/at
Since the wave is travelling in the positive x direction; we 
find
Zi= J  ' r J t v t ^ (1.12)
The characteristic impedance of a string is a real quantity, 
having no quadrature component, and is therefore purely resistive, 
It is propertiednal to the radius (or diameter) of the string 
and to the root of the tension, and independant of any driving 
force applied to the string, hence a characteristic of the string,
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1.5.2 Input impedance of the finite string
For a string of finite length, the input impedance 
is found to be a function of the length of the string and the 
nature of the termination of the string. If the string is terminated 
at a fixed point then the wave equation solution
holds true.
The input impedance (sometimes called the driving point 
impedance) is defined as the ratio of transverse tension to 
transverse velocity.
This expression is the same as that for characteristic impedance
eqn. 1.11 . If we now substitute from eqn. 1.6 we get
. k j  e 4-
CO g-jk* _
This gives
^  - -j ^  T- (1.14)
and substituting from eqn. 1.12
'Z.t S- bcuv V-x:
The input impedance for a finite string terminated by a rigid
support can be seen to be a pure reactance. Because is
purely reactive the power input to the string must be zero - 
for a discussion of power see section 1.6 .
The above result is given by HUNTER (1957) . A similar
result is given by MORSE (1948), but he expresses the result 
as an admittance, and has i=-j
Yv =
tcuv. Wsc ( 1 .15)
1.1t
Below (fig 1.3) are shown graphs of velocity, tension and input 
impedance of a rigidly supported string as a function of string length. 
These graphs are taken from HUNTER(1957).
Î
r.v>v.s. beAsU»'
f
vtwV«àa/\CC
4 4
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1.6_______ Energy of a vibrating string
The vibrating string may be thought of as a collection
of elementary oscillators. The energy of each elementary oscillator
of length is found by summing the kinetic and potential energies
If the displacement of the elementary length is given by
y = sU. wt
then the kinetic energy is given by
% m v^ = uit
% '
The maximum value of kinetic energy being
IfVhen the kinetic energy has maximum value, the string is in the 
position y=0, and when y has a maximum value the string is at 
the position where y is a* maximum, its velocity is zero and hence 
the kinetic energy is zero and potential energy a maximum.
Since there is no loss mechanism, the maximum potential energy 
must have the same value as the maximum potential energy.
The total energy of the vibrating element is therefore
   lA OX
Due to its position along the string 
> .  = A gUk
^ / 
so the energy of the element may be expressed
dE = V ui*- ÇC'
2. ( /A <î^
The energy assoc iated with a string of length L is
n X energy associated with length L/n
S *^ 5^25 ckoc
OT i.
where M is the total mass of the string.
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The space average energy density is analagous to the 
familiar root mean square (r.m.s.) average of amplitude in time.
The space average energy density is an average over the length 
of the string, and since this repeats for each half wavelength 
along the string
1 r
Space average energy density = &  = ^ ^ ^  ^  ^
= = E (1.17)
For a string, supporting a progressive wave the displacement 
maxima for the progressive wave all have equal value. A, changing 
phase from segment to segment having no effect on the energy.
So eqn (1.17) becomes
è. =
Since the amplitude of the standing wave is twice that 
of the components.
%
Energy density =. £  = yiA C' '^)
where is the amplitude of the standing wave.
The rate of energy flow per unit length or power flow 
for a wave travelling at a velocity c, is given by
” ''i
. '4 J l y T  v ’'
where V is the velocity amplitude in the y direction of the particle 
on the sti^ing. The power flow is a real qimntity as is 
purely resistive.
The above is based on a derivation given by HUNTER (1957),
1.14
in which there is an error - the line above his eqn.2,72 should 
read
-  / X  A  L .  r  tv-cTSC. \ - %  t y i r x  '
2.-a ( 4 L
A similar result for the total energy of a vibrating string, 
eqn 1.16 above, is given by MORSE (1948), but he uses a harmonic 
solution and does not give the simplified case above. Morse has
Total energy = ^
4
which agrees with eqn 1.16 above.
Here the energy is expressed as a series of terms, each term 
depending on one of the harmonic components. The energy of the 
string is equal to the total energy of an infinite number of 
harmonic oscillators, each having a massequal to half the mass of 
the string with a frequency f.^  and an amplitude A,^ .
If Mersenne^s Law, eqn 1.8 is substituted into eqn. 1.21 
E = T  _ ,^2.
AC, 4\_
which agrees with the result given by FEATHER (1961).
Hence the total energy is proportional to the string tension and 
independant of the mass of the string.
Also, the energy of each * harmonic * ( A«».n ^
Thus to give a weighted harmonic diagram or power spectrum (see 
BACKUS (1970) p203) the amplitude of the harmonics must be 
multiplied by the mode number n.
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1.7 Differences between real and ideal strings
In the preceding derivations effects of string stiffness 
have not been taken into account. A brief examination of the strings 
in the top octave of a piano will show that the description of 
short stiff bars may be more appropriate. A typical top string of 
a piano has a length of 55 mm and a diameter of 0.8 mm. The effect 
of string stiffness is discussed in section 2.1 and the sections 
following.
The string vibration has been assumed to have been in 
a single plane, no account has been taken of the other possibilities. 
Rotational oscillation is possible about the rest position of the 
string, also torsional vibration about the axis of the string. 
Oscillation is also possible in the longitudinal mode. These 
possibilities could be the subject of further investigation.
It has also been assumed that all strings have a uniform 
linear density. Wound strings are generally non-uniform as the 
winding is often terminated at some point along the vibrating 
length of the string, only the core forming the strings from that 
point to the point where the strings crosses the bridge. A single 
value for density for plain strings of the same material has also 
been assumed, but this if inadequate. FENNER (1959) states that the 
thinner strings, due to more frequent drawing in the manufacturing 
process, have a higher average density than the thicker strings, 
the difference being in the order of 4%.
Piano bass strings are not light when their mass is 
compared to their tension. Effects of mass should also be the 
subject of further investigation. This condition is also violated
in the case of harpsichords, although the mass of the strings is
1.16
less than that of piano strings, the tension in harpsichords is in 
the range 21 - 88 Newtons, some 4 - 10 % of the tension found in 
pianos.
The supports for the strings in keyboard instruments 
are not strictly rigid. The wrest plank bridge may be nearly rigid, 
but the soundboard bridge must move in order to transmit vibration 
to the soundboard for radiation. A simplified way of looking at this 
problem is shown below in figure 1.4. The effects of bridge motion 
can be seen to cause either a lengthening of the string or a 
shortening of the string, either being the case for each mode of 
a single string depending on the characteristics of the soundboard 
at that frequency.
I
It has also been assumed that the string parameters are 
not affected by the application of tension — both the static tension 
and the dynamic tension must have some effect on the string. An 
investigation into the effects of Hookes Law with reference to 
string length, and Poissons Hatio with reference to changes in
to 17
etring diameter may be useful. Initial Investigations have shown
that changes in diameter are of measureable amplitude.
From the above simple consideration of the vibrating
I
string the amplitude nodes are points of rest. In the diagram 
below are shown the displacement nodes and anti-nodes for the 
first three nod^s of vibration.
N N
/ ~ \
W - v\oci€> 
rv-3 _ , ,
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Fig '.5
It has been pointed out by W u Od (1931) that the nodes 
are not points of rest as small motions must exist as the
vibrational energy is required for the maintenance of vibration 
beyond these points. He quotes results obtained by S.Ray in 1926
who found that the velocity of transverse waves along a string is
A
not an independant constant but a function of \ where A  is the 
amplitude of the oscillation.
Wood also quotes experiments by Raman in 1909 which 
showed that the motion at the anti-nodes tends to be * figure of 
eight* and the motion at the assumed nodal points tend to be 
rather flat parabolas.
It is evident that for some purposes a simple treatment 
of the motion of a vibrating string is insufficient and a more 
thorough analysis is required.
2.1
INHARllONICITY
2.1 Introduction
It is well known that the ’harmonic* components of 
the motion of the vibrating piano string are not truly harmonic.
The *harmonic* component frequencies are not integer multiples 
of the fundamental frequency of vibration, this is known as 
inharmonicity.
In the following discussion, the frequency components 
of the vibrating string are referred to as partials, the term 
harmonic being reserved for the special case of partials conforming 
to a harmonic series.
Inharmonicity is caused mainly by the lack of flexibility 
of the piano string. This lack of flexibility or stiffness causes 
a progressive raising in frequency of the partials from the 
harmonic series. The frequencies of the partials of a stiff string 
may be predicted from equations derived by DONKIN (1884), and developed 
by others, e.g. RAYLEIGH (1894) and MORSE (1948). The theory 
developed by these authors is restricted to the case of plain 
wire strings.
The earliest experimental determination of inharmonicity 
in piano strings was by SHANKLAND and COLTMAN (1939). Further 
experiments were carried out by SHUCK and YOUNG (1943), and 
later by FLETCHER (1964). These experiments were not only 
confined to the plain wire strings, but extended to wound piano 
strings.
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2.2 Bending of a stiff string
As the ratio of string diameter to string length Is 
Increased, the stiffness becomes more Important In determining the 
behaviour of the string.
For a string vibrating with small amplitude, the 
curvature of the string, defined as 1/R may be represented 
by '^ ■3^  . The Increase In length of the curved string may be 
assumed negligible. The bending moment M Is the couple required 
to bend the string so that the string forms the arc of a circle 
radius R.
The strain in any part of the string Is proportional to the 
curvature.
By Hookes law
M 1/R
Referring to Fig, 2.2, the neutral plane Is neither extended or 
contracted. Considering a filament ab at a distance r from 
the neutral plane with cross sectional area w and of length ^x 
After bending the length Increases to ab* = A
The force stretching the filament = t w  A
*= E w  ^
2.3
/
The moment of this force about the neutral axis is tLvs/r
The total moment M of all horizontal and tensile compressive stresses 
perpendicular to PS of area S about cd
where S vi^ is the second moment of area. 
Hence U = H S v c ’’ V,
If the rotational acceleration of the segment is assumed to be 
zero, we have
d'=c. ÔX.
Since the forces F and . F + ^  àx are in opposite directions
ix.
the net force F = - E S k *  ^ '2-. \
'hoc
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2.3________Modification of the wave equation
The wave equation derived in section 1.2 allows only 
for a force restoring the displaced string to its rest position 
due to-the tension. From equation 1.1 this restoring force
is - r  .
FLETCHER,H (1964) states that an additional restoring force of 
the form ^  could be introduced. This is due to frictional
forces, but he states that the term would produce only a very
small effect on the frequencies of the partials of a m o d e m  piano 
string. The frictional restoring force would affect mainly the decay 
of vibration of the string. This is further discussed in a 
paper by FLETCHER,N.H.(1976).
The force due to elastic stiffness however is 
significant. The restoring force due to stiffness is derived 
in section 2.1, and is given as
F = - E S >:’• Eqn. 2.1
FLETCHER,H (1964) states that this term was first given in the 
above form by RAYLEIGH (1894).
The wave equation (eqn. 1.1) can be modified by 
including the term for stiffness, giving
- E S k "  ^  ^  Eqn. 2.2
where E is Youngs modulus of elasticity
S is the cross sectional area of the string
4
T is the tension
u is the linear density
K is the. radius of gyration = d A
^  ■
snd d is the diameter of the string
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2.4 Solution of the modified wave equation
The solution of the wave equation may be assumed to 
have the form
y = A e (2.3)
If substitution is made into equation 2.2, and the following 
substitutions also made
and = IT E S  _ nr'^  Ë
L? 4,4 vJ^T
the modified wave equation becomes
Ü  S'")
k  —   H  -    7“ 1 (2.6)
4  f  L^-fo
Hence there are four possible values for k, given by
where k , and k 3, are related by the expression
The general solution, eqn 2.3, above becomes
y = e  Cosk 2.TTk^ DC 4- Kg c£>s ' t^rk .^3c (2.*|o) .  k^    x  <2q- kj^ A:
4* K% 5'«v.k. ^4- &Ws.‘i'TT
This is eqn 6 given by FLETCHER,H (1964), where there is a misprint 
having a sin term following Ki. instead of sinh as above.
These relationships are independent of the boundary conditions.
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For each value of k, there is a corresponding value of k^ which 
may be found from eqn. 2.9 , and the corresponding frequency f 
from equation 2.6.
If the convention is adopted that the string has 
length L, with the origin of axes at the centre of the string, 
the string may be represented as in fig. 2.3.
Fig 2.3
The solution of the modified wave equation will yield odd and . 
even functions. The even functions will come from the first two 
terms of eqn. 2.10, and the odd functions from the last two terms.
2.3.1 The stiff string with pinned boundary
At a pinned boundary, the displacement of the string 
(at X = and x = - ^  ) is zero. The string also has zero
change of slope at these points, that is an elemental length 
considered at these points will be straight.
Taking the even functions only, K ^ =  = 0, and the
boundary conditions fit if K ^ is also zero and cos 
This gives
= ny  where n = 1,3 ,3,7 ... any odd integer
Z L
(2.11)
From this the frequencies of the odd numbered partials is given 
by
fn = fe  ^ + 1 ^ ^ (2.12)
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for these frequencies, the displacement is given by \ 
Taking the real part of the expression
y = Kg co5 ^ 2.n-£b
where K has a different value for each odd partial.
Taking the even functions, K» = K 3 =0 
and a similar result is obtained.
k = n x  where n = 2,4,6..... any even integer
and again equation 2.12 results.
2.5.2 The stiff string w i t h b o u n d a r y
At a claTv\^-ec( boundary the displacement of the string 
is zero. The string will also have zero slope at the boundaries.
This leads to a solution for the allowable values of k\ and k^ . 
which must be found using numerical methods. The frequencies of 
the partials is then given by
It is expected that the value of k%. would be close to that obtained
in the previous section and so kt may be written
k =
where 6 is a small value compared to unity.
Since from experimental work has a small value the higher 
powers may be neglected, also the higher powers of ^ .
This leads to the equation first developed by SEEBECK quoted by 
FLETCHER (1964).
A  = f  I +- 4- ]  ( ^  ' 0
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From this equation can he seen that the effect of clamping the 
ends of the string will raise slightly the frequencies of the 
partials. FLETCHER (1964)further modifies the equation to give
^ +  [ (\.) + ( (-'O
which is the form given by MORSE (1948).
In a piano, the string boundary condition lies between the 
pinned and clamped condition, and for either condition the equation
•fw = >  f ^
may be used, where F and p  are constants obtained from experiment.
If inharmonicity is defined as the difference in frequency 
between the ideal string and a string with stiffness (i.e. the 
departure of the partial frequencies from the harmonic series) then 
Inharmonicity = f„ / n -fo ,
Inharmonicity is usually expressed in cents where 100 cents
is equal to an equal tempered semitone, and 1200 cents an octave.
Inharmonicity = = 1200 log^
Expanding equation 2.17 by the binomial theorem
. L,, ( I 4-
*= U2. I 2 ;
where B is the Inharmonicity factor in cents. = &  Cz- '4)
iv\2 2.
YOUNG (1952) quotes the fractional error in resulting from the 
approximations as less than 1% if / is less than 35 cents.
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2.6________ Review of other published work
The above equation (2.17) has been used in various
forms by other authors. Generally the simplification of substituting
f(, for F is made, where is the fundamental frequency for the
same string having no stiffness. Thus the equation being used is
that for the stiff string with pinned boundary conditions,
resulting in lower calculated values of frequency of the partials
\
compared with those obtained using equation (2.17).
Expanding equation (2.12) using the binomial expansion 
: = n f. ( I :
which may be written
“ n fg, ( 1 + J ) which is the form given 
by BENADE (1976).
This equation is given in expanded form by WOOD (1955)
■ ■ t J ?  I ' ^
\
which is the contracted form due to RAYLEIGH (1894) as quoted by 
SHANKLAND & COLTMAN (1939) in a paper which also deals with the 
change of frequency of a string due to increased tension during 
the initial part of the vibration.
PARSONS (1970) gives an interesting method by which
a
p may be evaluated. He notes that the transverse frequency of 
vibration of a flexible string may be written
= i i  V 1^ '
Also the fundamental frequency of longitudinal vibration of a 
flexible string may be written
= 2L. V f
' 2 .1 0  
Substitution in equation (2.5) yields
( X . 2 A
Hence ^ may be evaluated from the dimensions of the string 
and the frequencies of the fundamental transverse and longitudinal 
modes of vibration. The transverse mode may be excited by plucking 
the string and the longitudinal mode by stroking with a rosined cloth,
2.7 Experimental work on piano inharmonicity
The earliest experimental determination of inharmonicity 
was by SHANKLAND and COLTMAN (1939) using plain wire strings on a 
monochord. This was followed by SHUCK and YOUNG (1943) and later 
by FLETCHER (1964) who used a piano and extended their investigations 
to the wound strings of the piano.
2.7.1 Review of other experimenters work
The experiments by SHANKLAND and COLTMAN (1939) were 
carried out using a monochord and plain wire strings. Each partial 
was investigated separately, the string vibration being maintained 
by a feedback system. A signal picked up from the string at its 
supported end was amplified and passed back through the string as 
a large electrical current, the motor effect being achieved by 
placing a permanent magnet near the string. This method would work 
for strings of both magnetic and non—magnetic- materials, provided 
the string was an electrical conductor.
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Their results showed that the partial frequencies lay between 
those predicted for a clamped end condition and those for a 
pinned end condition, contrary to Rayleigh*s assumption that the 
frequencies would be closer to the latter condition. They conclude 
that inharmonicity is a necessary part of musical instrument tone 
causing constantly changing phase relationships between the partials, 
and state that the observed inharmonicity is consistent with data 
on piano tuning obtained by RAIISBACK (1938) and the observations 
of D.C.Miller in an unpublished study on piano strings.
In their study SHUCK and YOUNG (1943) used a piano 
fitted with a vibration pick-up feeding a chromatic stroboscope 
to measure the frequencies of the partiaIs. They present their 
results in a more practical form than SHANKLAND and COLTWAN (1939) 
expressing the inharmonicity of the partials in cents sharper 
than the expected harmonic. They also measured the decay of each 
individual partial and show photographs of three dimensional models 
of piano sound, i.e. amplitude, time, mode number. They note that 
the inharmonicity in cents is proportional to the square of the 
mode number (eqn 2.18) and conclude from their graphs that within 
limits this is approximately true. They extend their measurements 
to both plain and wound strings and show a graph of the variation 
of inharmonicity across the keyboard. From this infromation they 
go on to show the implications in piano tuning both within the 
temperament octave and across the full range of the piano. This 
is further discussed in the next chapter.
In a paper by FLETCHER (1964) the experiments carried 
out by SHUCK and YOUNG (1943) are repeated, but the graphs show
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more experimental data, a greater number of strings being 
measured. For example he shows the partial frequencies for the 
three strings of a trichord 'unison* , and includes more details 
on wound strings. He concludes that there is probably an optimum 
value for the inharmonicity for each string, but that value has 
not yet been found. The optimum value is not, in His opinion, 
zero, i.e. all strings harmonic.
2.7.2______ Authoi^s experimental work
The apparatus available was as follows- 
An upright piano, manufactured by Barratt and Robinson, with a model
988 Challen frame and Kastner Wehlau action.
B&K 1" microphone type 4145
B&K heterodyne analyser type 2010
Dawe analyser type 1461A
Racal VLF counter with Ô.1 Hz resolution
Nagra series 3 tape recorder, tape speed 38I mm/s
Texas Instruments programmable calculator type TI57.
The piano was tuned and regulated by an experienced 
piano technician. The microphone was placed 1 metre from the back of 
the soundboard and after amplification using the preamplifier
section of the 2010 analyser the signal was recorded on t^e tape
recorder at a tape speed of 381 mm/s. Since a mechanical striker 
^ ^ h e  piano keys was unavailable the notes were struck by hand 
using approximately equal force for each note. The piano tones 
were recorded with only one string sounding, the other strings 
being muted with felt wedges, (see fig. 2,3)
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Fig. 2.3
Each note on the tape was then made into a loop of
approximately 2 seconds duration and arranged to play repeatedly
from the tape recorder.
Initially an attempt was made to measure the frequencies
of the partials using a frequency counter. The signal from the tape
recorder was fed into the Dawe analyser which acted as a filter 
the centre frequency of which was adjusted manually for maximum 
output and the resulting sinusoidal output fed into the VLF counter, 
This proved satisfactory at low frequencies, but unsuitable at 
higher frequencies due to the bandwidth of the filter.
(see fig. 2.4)
VUf
Fig '2,4
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The bandwidth of the Dawe analyser is between 5% and 8% of the. 
tuned frequency. Since the B&K 2010 analyser is of the heterodyne 
type its bandwidth is constant, and on this model may be adjusted 
down to 3.16 Hz. It was decided to use the B&K 2010, its 
disadvantage being that the manual tuning needs to be exact, 
whereas slight tuning errors of the Dawe filter did not affect 
the frequency reading.
The final choice of apparatus is shown in figure 2,5.
f q n
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Fig. 2.5
Treatment of results
The frequencies of the partials for each string investigated 
was tabulated. Since eqn. 2.17 applies we can use
<5. = B n^
which is the same as eqn. 2.18, but now
1200 log, ^Yp
Since F is unknown, a graph of n ’ against <$„ could be plotted, 
where is the deviation from the harmonic series of a nominal 
fundamental frequency , chosen to give positive values of 
inharmonicity.
A sketch of such a graph is shown in figure 2.6.
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fig 2.6
F may then be calculated from
where is the intercept on the axis.
It was decided rather than to plot graphs, a statistical 
programme using the TI 57 calculator be used. This would give 
more reliable results for the slope and intercept than hand plotting 
and give the additional information of the correlation coefficient.
The programme is shown in the appendix of computer and calculator 
programmes beginning on page C1.
The results of the experiments are tabulated on the following 
pages. The frequencies are in Hz, and the inharmonicity is expressed 
in cents, the positive values indicating that the partial is sharper 
than the harmonic of the nominal fundamental.
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Table of partial frequencies for an upright piano
Cl string, wound, length 1065 nun, nominal frequency 32.4 Hz 
Mode number frequency inharmonicity
11 365
1 33 31.8
5 162 0
Intercept 6.53 cents, hence F = 32.5 Hz 
Slope = B = 0.293 cents n”*^
Correlation coefficient = 0.98
1
2 65 5.3 4
3 98 14.2 9
4 131 18.6 16
25
6 196 14.2 36
7 230 24.3 49
8 262 18.6 64
9 295 20.1 81
10 329 26.5 >00
41.3 121
12 399 44.8 144
13 435 55.8 169
14 470 61.5
15 5 07
16 545 86.6
17 581 92.4
18 619 103.1
19 658 115.3
20 696 123.7
196
73.2 225
256
289 
324 
361 
400
2.17
C2 string, wound, length 995 mm, nominal frequency 65 Hz
Mode number frequency inharmonicity n^
n
1 65 0
10 652 5.3
11 720 12.1
12 786 13.3
13 854 18.3
1^ 923 24.6
15 992 I 29.9
16 1062 36.2
17 1132 41.8
Intercept -0.659 cents, hence F = 64.975 Hz 
Slope = B = 0.128 cents n 
Correlation coefficient = 0.89
1
2 130 0 u
5 197 17.7
 ^ 261 6.6
5 326 5.3
6 390 0
7 455 0
8 521
9 686
9 
16 
25 
36 
49
3.3 64
3.0 81
100
121
144
169
196
225
256
289
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C3 string, wound, length 925.5mm, nominal fundamental 129 Hz
Mode number frequency inharmonicity n^
14 1839
1 130.5 20 1
2 261 20 4
9 390 13.4 9
4 516 0 16
5 648 8 25
® 778 8.9 36
7 910 13.4 ;,9
® 1039 11.7 64
9 1137 17.8 81
10 1302 16
1436 20.6
12 1570 24.4
13 1700 23.6
100
121
144
169
31*3 196
225
256
15 1976 36.3
16 2119 45.5
17 partial too weak to measure
1® 2390 50 324
Intercept 8.23 cents, hence F =129.6 Hz 
Slope = B = 0.121 certs n 
Correlation coefficient = 0.90
C4 string, plain, diameter 1.025mm, length 644mm, nominal
2.
freq.
Mode number frequency inharmonicity n
n
1 259.5 0 1
2 520 3.3 4
3 779 1.1 9
1039 1.7 16
5 1300.5 4 25
6 1563 6.7 36
7 1828 10.9 49
8 2093 14.1 64
9 2365 21.7 81
10 2641 30.4 100
11 2910 33.3 121
12 3180 36.3 144
13 3464 45.8 169
14 3748 53.9 196
15 4036 62.7 225
Intercept -1.53 cents, hence P = 259 .3 Hz
Slope = B = 0.282 cents n
Correlation coefficient 0.99
2.20
C5 string, plain, diameter 0.95mm, length 343.4 mm, nom. freq. 520 Hz
Mode number frequency inharmonicity
n
1 520 0
n
t
2 1040 0 4
9 
16
25
9 1565 5.5
 ^ 2081 0.8
5 2628 18.5
6 partial too weak to measure
7 3726 40.4 49
6 4316 62.1 64
9 4885 74.2 81
Intercept -5.59 cents, hence F = 518.3 Hz 
Slope = B = 0.989 cents n 
Correlation coefficient = O .988
C6 string, plain, 0.9mm diam, length I83mm, nominal frequency 1040 Hz 
Mode number frequency inharmonicity
^ f A Xn
1 1040 0
2 2092 10
9 3164 24.2
^ 4266 43.6
Intercept -2.17 cents, hence F = IO38.7 Hz 
Slope = B = 2.883 cents n 
Correlation coefficient 0.9994
n^
1
4
9
16
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Values of B for each string investigated were then plotted on a 
graph together with calculated values for (he plain strings.
The calculated values were calculated from equations 2.4, 2.5 
and 2.19 which may be combined and rewritten
String Measured B Calculated B
4 Cl 0.293
16 C2 0.128
28 C3 0.121
94 F#3 0.286
40 04 0.282 0.321
46 F #  0.538
52 C5 0.989 0.852
64 C6 2.883 2.37
76 07 6.56
88 08 16.8
The resulting graph is shown on page 2.22, fig 2.7 .
From the graph it may he seen that the calculated and measured values 
are in fair agreement.
The value of the inharmonicity factor may be seen to vary across 
the niano, values for wound strings decreasing to blend with the 
lower values of the lower plain strings. The author suggests that this 
Is an important aspect of piano design, and that a smooth transition 
Of inharmonicity values is important.
A further aspect of the graph fig 2,7 is discussed in 
section 3 .1.
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— —7-*3. Comparison of author*s work with other experimenters work
The earliest experimental determination of inharmonicity 
in piano strings was by SHANKLAND and COLTMAN (1939). They experimented 
with electrically maintained vibrations of brass and steel strings 
supported by a laboratory jig and did rot extend their experiments 
to a string on a musical instrument.
SCHUCK and YOUNG (1943) used a piano in their experiments 
which were carried out on F strings, both plain and wound.
Their conclusions were mainly concerned with the effects of 
inharmonicity oh tuning, which the author discusses in section 3.
I YOUNG (1952) again used a piano in his experiments, 
and as in his previous experiments used a chromatic stroboscope to 
measure frequency.Unlike his previous experiments he concentrated 
on the plain strings only, but did use three pianos two grand and 
one uproght all by the same ,anufacturer. He notes that for the 
upright piano a supporting bar in the piano frame caused a 
discontinuity in the graph of inharmonicity. He states that 
0 H Schuck believed that the evolution of piano design caused the 
smooth change of inharmonicity from string to string and that 
good piano tone should result from a piano with low inharmonicity 
throughout, which is borne out by the preference for the grand
piano he examined which had low inharmonicity and smooth
inharmonicity changes. It is the author's opinion that the .
discontinuity shows a weakness in the design of the upright piano 
examined by a W  Young.
FLETCHER (1963) outlines three methods of measuring 
inharmonicity, and recomends electrical excitation with the use of 
a frequency counter for low frequencies and a chromatic stroboscope
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higher frequencies. His experiniënts included measûrements on 
both wound and plain strings on an upright piano. He extended the 
work on plain strings to include measurements of the three strings 
of a tri—chord. It is the authors opinion that these three strings 
should hare similar inharmonicity factors achieved by having the 
strings of equal length and diameter. This would mean ensuring that 
SiTiall sections of the bridges should be as near parallel as 
possible.
In all cases, for the upright piano, the earlier experimenters 
showed similar results to those obtained by the author.
3.1
3 IMPLICATION OF INHAR}>IQNICITY TO TUNING THEORY AND
PRACTICE
3.1 Introduction
The modern piano is according to most textbooks 
such as >VHITE (1972) tuned to equal temperament. The usual 
procedure is to tune single strings in a middle octave, then to 
tune the remaining notes in the tri-chords. The tuning is then 
extended to the upper and lower notes by tuning octaves from 
the middle octave, occasionally using wider intervals as checks.
The middle octave chosen is usually that which extends 
from F3 to F4. Referring to the graph fig. 2.7 it will be noted 
that this cioice is such that tuning is carried out on those strings 
which have a minimum of inharmonicity.
To tune the middle octave, or ’lay the bearings’ as it 
IS usually called , the C4 string is tuned to a tuning fork. Since 
the fork generally used has a frequency corresponding to C5 this 
means that the second partial of the C4 string is tuned beatless 
or in unison vrith the fork. The F3 string a fifth below C4 is the 
next string tc be tuned. In order to produce an equal tempered 
scale this fifth has to be narrowed. This is on order to make a 
cycle of fifths come to exactly a whole number of octaves.
ISvelve pure fifths just exceed seven octaves
I.?"" >  2'"
Another way of considering the problem is to consider that an 
octave being twelve semitones may be represented as an interval 
of 1200 cents, a fifth being seven semitones 700 cents.
A pure fifth is represented by the ratio 3:2, and since
cents in an interval = 1200 log^Cfrequency ratio)
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a pure fifth is represented by 701,955 cents. Hence the equal 
tempered interval is narrower than the pure or beat]ess interval. 
The fifth is narrowed by allowing the second partial of the higher 
string to beat with the third partial of the lower string. The 
calculation of the beat rate necessary is discussed in section 
3.2.
Laying the bearings continues with the tuning of G3 
a tempered fourth below C4. This time the interval has to be 
widened as an interval of a fourth and fifth must add up to a 
pure octave.
In cents: octave = fourth + fifth
therefore, fourth = octave - fifth
fourth = 1 2 0 0  - 701.955 = 498.045 cents.
The remainder of the sequence for laying the bearings is given in
appendix A5, on page A9. This appendix also covers some suggestions 
on the use of electonic aids for the teaching of piano tuning.
The use of electronic aids for tuning pianos is a 
debatable area. From the rest of the discussion in this section it 
will be seen that such aids must take inharmonicity into account. 
Few commercial devices do this, but BEDFORD (1972) discusses 
a tuning aid which allows for the inharmonicity of the piano 
being tuned, and which will vary the compensation in each 
individual case.
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3.2 Computer calculation of beats for an ideal string
Beats are formed from the difference frequemcy between 
near coincident partials. In the case of an ideal string the 
partials form a true harmonic series and hence can be referred 
to as harmonics. The beat rates may be calculated by constructing 
a table of the notes of the equal tempered scale and subtracting 
the frequencies of the appropriate harmonics.
A computer programme was written in Basic for a Research 
Machines 380Z computer and stored on a floppy disc. A listing for 
the programme may be found in appendix C2, page C3. The programme 
was run, and a print out of the results are on pages 3.4 and 3.5.
The programme uses a code for the notes in the octave 
F3 to F 4 , where
p = ;
n  = 1
G 2 \
G# = 3 etc.
After the programme has been loaded, the computer asks for the
required frequency of A4, this is at line 150. The computer then
calculates the frequency of A3, and lines 210 to 300 produce a
table of fundamental frequencies from F3 to F4 and their harmonics 
up to the eigth.
In order to find the near coincident harmonics from
the table the computer uses the appropriate information contained
in lines 680 to 740. Lines 380 to 540 select the number of 
semitones in the interval and the beat rates are calculated from 
lines 740 to 840.
3.4
READY:
RUN
EQUAL TEMPERED SCALE AND HARMONICS 
FOR F3 TO F4
INPUT A4 FREQUENCY AND TYPE RETURN
435 Hz NORMAL CONTINENTAL ,QUEENS HALL 
439 NEW PHILHARMONIC
J4Q BRITISH STANDARD
444 MEDIUM,OLD RSA
452 KNELLER HALL
454 OLD PHILHARMONIC ' *
? 440
A4 HAS FREQUENCY 440 Hz
174.61 349.23 523.84 698.46
185.00 369.99 554.99 739.99
196.00 392.00 587.99 783.99
207.65 415.30 622.96 830.61
220.00 440.00 660.00 880.00
233.08 466.16 699.25 932.33
246.94 493.88 740.82 987.77
261.63 523.25 784.88 1046.50
277.18 554.37 831.55 1108.73
293.66 587.33 880.99 1174.66
311.13 622.25 933.38 1244.51
329.63 659.26 988.88 1318.51
349.23 698.46 1047.68 1396.91
873.07 1047.68 1222.30 1396.91
924.99 1109.98 1294.98 1479.98
979.99 1175.99 1371.98 1567.98
1038.26 1245.91 1453.57 1661.22
1100.00 1320.00 1540.00 1760.00
1165.41 1398.49 1631.57 1864.66
1234.71 1481.65 1728.59 1975.53
1308.13 1569.75 1831.38 2093.00
1385.91 1663.10 1940.28 2217.46
1468.32 1761.99 2055.65 2349.32
1555.63 1866.76 2177.89 2489.02
1648.14 1977.77 2307.39 2637.02
1746.14 2095.37 2444.60 2793.83
TYPE RETURN TO GIVE BEAT RATES 
FOR MINOR THIRDS
7
F TO G# MINOR THIRD -9.423 BEATS NARROW
F» TO A MINOR THIRD -9.983 BEATS NARROW
G TO A# MINOR THIRD -10.58 BEATS NARROW
61» TO B MINOR THIRD -11.21 BEATS NARROW
A TO C MINOR THIRD -11.87 BEATS NARROW
Alt TO C» MINOR THIRD -12.58 BEATS NARROW
B TO D MINOR THIRD -13.33 BEATS NARROW
C TO D# MINOR THIRD -14.12 BEATS NARROW
C» TO E MINOR THIRD -14.96 BEATS NARROW
B TO F MINOR THIRD -15.85 BEATS NARROW
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TYPE RETURN TO 
FOR THIRDS 
?
F TO A THIRD 
F» TO A# THIRD 
G TO B THIRD 
G# TO C THIRD 
A TO C# THIRD 
A# TO D THIRD 
B TO D# THIRD 
C TO E third 
C» TO F THIRD
GIVE BEAT RATES
6.929 
7.341 
7.778 
8.241 
8.731 
9.25 
9.8
BEATS WIDE 
BEATS WIDE 
BEATS WIDE 
BEATS WIDE 
BEATS WIDE 
BEATS WIDE 
BEATS WIDE
10.38 BEATS WIDE 
11 BEATS WIDE
TYPE RETURN TO GIVE BEAT RATES 
FOR FOURTHS ' .
7
F TO A# FOURTH 
F# TO B FOURTH 
G TO C FOURTH 
G# TO C* FOURTH 
A TO D FOURTH 
A# TO D# FOURTH 
B TO E FOURTH 
C TO F FOURTH
.7892
.8361
.8858
.9385
.9943
1.053
1.116
1.182
BEATS 
• BEATS 
BEATS 
BEATS 
BEATS 
BEATS 
BEATS 
BEATS
WIDE
WIDE
WIDE
WIDE
WIDE
WIDE
WIDE
WIDE
TYPE RETURN TO 
FOR FIFTHS
7
F TO C FIFTH 
F# TO C# FIFTH 
G TO D FIFTH 
G» TO D# FIFTH 
A TO E FIFTH
GIVE BEAT RATES
.5912 BEATS 
.6264 BEATS 
.6636 BEATS 
.7031 BEATS 
.7449 BEATS 
Aft TO F FIFTH -.7892 BEATS
NARROW
NARROW
NARROW
NARROW
NARROW
NARROW
TYPE RETURN TO GIVE BEAT RATES 
FOR MINOR SIXTHS
7
F TO C» MINOR SIXTH -11 BEATS NARROW 
F» TO D MINOR SIXTH -11.65 BEATS NARROW
G TO D# MINOR SIXTH -12.35 BEATS NARROW
G# TO E MINOR SIXTH -13.08 BEATS NARROW
A TO F MINOR SIXTH -13.86 BEATS NARROW
TYPE RETURN TO GIVE BEAT RATES 
FOR SIXTHS
F TO D SIXTH 7.924
F# TO D# SIXTH 8.395
G TO E SIXTH 8.894
G# TO F SIXTH 9.423
BEATS WIDE 
BEATS WIDE 
BEATS WIDE 
BEATS WIDE
►BREAK 0 LINE 900
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In order to print out note names in the beat rate tables a 
subroutine in lines 1010 to 1140 is used.
0 is converted to 70 32 which is the ASCII code for F
1 70 35 Fif
2 71 32 G
3 : 71 35 '
etc.
From the tables of results it will be seen that for 
equal temperament the following intervals are tune^l narrow, 
minor thirds
fifths :
minor sixths 
and the following intervals tuned wide 
thirds 
fourths 
sixths.
Since the octaves are perfect, it may be noticed that an octave 
can be made from a wide tuned interval plus a narrov/ tuned interval; 
a fourth plus a fifth 
a third plus a minor sixth 
a sixth plus a minor third.
It should also be noted tlat the beat rate frequency increases by 
the constant factor as each interval is raised by a .
semitone, i.e. the beat rate increases smoothly and doubles when 
an interval is raised an octave.
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3.3 Calculation of beat rates for stiff strings
( fundamentals tuned to equal temperament )
From the discussion in section 2, it is apparent 
that for stiff strings the partials are no longer harmonic.
Hence re-calculation of the beat rates is neccessary if the 
piano Lundamenta1s are to remain tuned to equal temperament.
Since further access to the computer was not possible 
a programme was written for the TI 57 programmable calculator.
The stiffness factor ^ was calculated using
^  - 4.15 X K)* d^ X
1^* eqn. 3.1
which is derived from equations 2.4 and 2.5. The following
values were used,
E = 210 X 10 N m"^
^ = 7800 kg m'^
Values of j3 are tabulated in fig 2.3, page 3.9.
The calculator programme to determine the partial 
frequencies of the stiff string is listed in appendix C3, page 
C5. The programme is based on equation 2.17,
Using this programme the table of partial frequencies fig. 3.3 , 
page 3.9 was constructed.
From tie table of partial frequencies the beat rates 
for the various intervals were calculated, by taking the 
difference in frequency between the relevant partials. A negative 
reoult indicating a narrow interval and a positive result a 
wide interval. The results are tabulated on pages 3.10, 3.11 
and 3 .12.
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From the table of results it will be seen that the beat rates 
no longer form a uniform pattern. The beat rates are dependant 
on the values of o which in turn is dependant on the string 
lengths and diameter, so the beat rates are a function of the 
design of the piano being considered.
Although the octaves are still pure as far as the 
fundamental frequencies are concerned, they will now be beating 
intervals. This is due to the higher partials being non-harmonic. 
F3 to F4 is now narrow by 0.2 beats for the 2nd partial of F3
1.1 3rd
3.7 6th
8.5 8th
Similarly for other intervals, the higher order beat rates
form a non-harmonic progression, whereas for the ideal string
the progression is harmonic.
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Table of string stiffness and equal tempered frequencies
Note r f,
F 3 3.3295726 X 10^ 174.614 %%-.
F#3 3.3087129 X loT"' 184.997
G 3 2.7014713 X lO""’ 195.998
G#3 2.6697524 x 10'^ 207.652
A 3 2.9170532 X 10"^ 220.000
M 3 3.0708219 X 10""^ 233.082
B 3 3.3836728 X 10"^ 246.942
C 4 3.7033265 x 10“^ 261.626
C#4 4.1121501 X 10"^ 277.183
D 4 4.3717415 X 10 “^ 293.665
D # 4.8239430 X 10'"^ 311.127
E 4 5.3461224 x 10'^ 329.628
F 4 5.7836828 X 10"^ 349.228 Figure 3'^
P^ t .ial frequencies of stiff string tuned to equal temnemn^nt.
NOTE Fundamental   .   ^ Partials
^  3rj rck ----rK:— ---
F 3 174.61 349.40 524.54 700.20 876.55 1053.77 1232.02 1411.48
F|t3 185.00 370.18 555.72 741.82 928.65 1116.39 1305.22 1495.32
G 3 196.00 392.15 588.63 785.58 983.16 1181.53 1380.85 1581.27
Gÿ3 207.65 415.47 623.62 832.27 1041.58 1251.72 1462.85 1675.12
A 3  220.00 440.19 660.77 881.92 1103.84 1326.72 1550.74 1776.09
A$3 233.08 466.38 700.10 934.47 1169.70 1405.99 1643.55 1882.60
B 3 246.94 494.13 741.83 990.27 1239.71 1490.40 1742.57 1996.4'’
C 4  262.63 523.54 786.04 1049.41 1313.93 1579.89 1847.58 2117.27
C#4 277.18 554.71 832.92 1112.14 1392.73 1675.02 1959.33 2245.99
D 4 293.66 587.71 882.53 1178.50 1476.00 1775.41 2077,1  ^ 2381.44
B+f4 311.13 622.70 935.18 1249.00 1564.61 1882.45 2202.93 2526.54
E 4 329.63 659.78 991.00 1323.79 1658.67 1996.18 2336.80 2681.04
P 4 349.23 699.06 1050.10 1402.95 1758.21 2116.46 2478.28 2844.24
Figure _____
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Stiff strings tuned to equal temperament
Beat rates for minor thirds.
(6th partial of lower note beating with 5th
F to G# - 12.2 beats narrow
F# A — 12.6
G A#.. — 11.8
G; B - 12.0
A C — 12.8
M c% - 13.3
B D — 14.4
C D# - 15.3
cs E - 16.4
D F - 17.2
Beat rates for thirds
(5th partial of lower note beating with 4th
F to A + 5.4 beats wide
F; A; 5.8
G B 7.1
G# C 7.8
A c# 8.3
A+: D 8.8
B 9.3
C E 9.9
c# F 10.2
i-M
Beat rates for fourth*
(4 th partial of lower note beating with
F to. A# — 0,1 beats narrow
F# B + 0,01 beats wide; i
G C + 0.5 beats wide
G# c# 0.7
A D 0.6
A# D# 0.7
B £ 0.7
C P 0.7
Beat rates for jfifths
(3rd partial of lower note beating with
F to1 C - 1.0 beats narrow
F# c# - 1.0
G D - 0.9
G# D# - 0.9
A E - 1.0
A# F - 1.0
Beat rates for ]minor sixths
(8th partial of lower note beating with
F to Cç - 18.8 beats narrow
F# D - 19.3
G D# - 16.7
Gg E - 16.5
A F — 17.9
3-13.
Beat rates for sixths
(5th partial of lower note heating with 3rd partial of upper note)
F to D + 6.0 beats wide
D; 6.5
G E 7.8
GÇ F 8.5
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3  Prediction of piano tuning temperament using
traditional beat rates
Of the three programmes presented by the author, this 
is the most important. Pianos are tuned using the beat rates 
calculated in section 3.2 to a very close approxiniation. One 
of the checks used by a tuner is to ensure that there is an even 
increase in beat rate as an interval moves up the keyboard, and 
that over one octave the beat rate does double.
A computer programme was written in Basic for a 
Research Machines 3802 computer and stored on floppy disc.
A listing for the programme may be found in appendix 03, 
page 07. The programme was run, and a print out of the results 
is on page 3.15.
T(ie programme uses a code for notes as the previous 
computer programme, see page 3.3. ' , FM'2 cVn.
The harmonic beat rates are calculated and stored 
in array 0 for fifths and Q for fourths. The number following the 
array designation indicates the lower note of the interval, hence 
01 contains the beat rate for the fifth F to 0
F# Ojf etc. and
Q1 fourth F to A#
92 Fi B etc.
These calculations are performed in lines 340 to 600.
Lines 650 to 710 hold the values for the piano 
used. For other pianos lines 780 to 870 may be used, requiring 
an input of string length and diameter to calculate 
using equation 3.1 which is contained in line 2020.
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The frequency ot A3 is written into the programme at line 920, 
and the partials of this string are calculated in lines 920 to 
960.
Lines 970 to 1230 contain the tuning sequence, and 
the subroutine at line 2050 is used when tuning a fifth up, and 
the subroutine at line 2150 used when tuning a fourt!i down, 
lines 1240 to 1310 contain the print instructions for tabulating 
the frequencies of the fundamentals and partial frequencies.
The calculation of cents deviation from equal temperament is 
performed by lines 1315 to 1370.
From the results on page 3.15 agraph of deviation 
of piano temperament from equal temperament was drawn. This is 
shown on page 3.16 . The slope of a straight line dra-m on this 
graph was found to be 2.2 cents per octave with a correlation 
coefficient of 0.265 using the calculator programme in appendix 
Cl. 3CHUCK and YOUNG (1943) show a similar graph, which from 
inspection shows better correlation and a slope of 1.5 cents per 
octave. This reflects their use of a medium grand piano which 
has longer string lengths than the author's upright piano, and 
hence has lower values.
3CHUCK and YOUNG (1943) suggest that this stretch of 
tuning in the middle octave indicates that the stretched octaves in 
the upper and lower registers of the piano is a natural result 
of string inharmonicity. They reproduce a graph of stretched 
tuning after Railsbeck.
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RUN
HARMONIC BEAT RATES 
C 1 -.59121654742
C 2 -.62637211196
C 3 -.6636181362
C 4 -.70307892375
C 5 -.74488617201
C 6 -.78917940892
Q ^ .78917941172
Q 2 .83610646241
Q 3 .88582394086
Q 4 .93849777337
Q 5 .99430375453
Q 6 1.053428133
: :  ! : 1 = 1  ^  . r s r
174.10 174.13 348.43 523.08 698.25
184.62 184.65 369.48 554.69 740.46
195.03 195.07 390.35 586.07 782.43
207.07 207.12 414.49 622.37 831.02
219.97 220.00 440.19 660.77 881.92
232.25 232:30 464.94 698.25 932.57
246.51 246.57 493.54 741.30 990.24
260.43 260.50 521:46 ' 78J.Î2 ' 1D4Î.^2'
276.81 276.86 554.07 831.95 1110.86
292.45 292.51 585.40 879.06 1173.87
310.53 310.61 621.67 933.62 1246.92
329.66 329.75 660.02 991.36 1324.27
348.33 348.43 697.46 1047.70 1399.75
PIANO TEMPERAMENT DEVIATION FROM EQUAL TEMPERAMENT
1 -4.8241363296
2 -3.2673920105
3 -8.2432383521
4 -4.4739800262
5 1.0913936421E-09
6 -5.790183908
7 -2.5800832011
8 -7.4395455025
9 -1.995992971
10 -6.8239155236
11 ' -2.8852251904
12 .63292182822
13 -3.9602149602
*BREAK e LINE 2010 
READY;
3-lb
]3evto.t»on fr&vA ecjUoJL bem\i€roLttve^ t
^  per ocJbzLoe. 
Corrclah«>A coef^ ccAjb o - Z65
5*0
-l-o
3-0
h, 1
Dynamic behaviour of piano tones
. 1_____  Introduction
In addition to the fact that the piano’s tones are 
generally inharmonic, the partials of any particular note tend to 
vary considerably in loudness. In the case of the piano this 
variation is called the partial structure. For a sound composed 
of true harmonics the term harmonic structure is more generally used.
The partial structure of piano tone has been investigated 
by FLETCHER, BLACKHAM & STRATTON (1962), initially using a 
sonograph and later using a conventional narrow band analyser.
They show graphs for the first six partials showing the relative 
amplitudes for the first few seconds after the string has been 
struck.
Simple spectra, probably averaged over a short period
of time, are shown by OLSON (1967). These show that the lower
piano notes are richer in partials than the higher notes, but 
do not give much information.
The theoretical basis for the spectra of strings was
given by RAYLE1GH(189^) and is repeated in slightly differing
forms by most standat^ textbooks. BENADE (1976) gives a summary 
of the main points and differences between plucked and struck 
strings in his discussion on the piano, clavichord and harpsichord.
Experimental determination of the decay times for the 
complete piano tone was first investigated by MARTIN (1947). The 
typical decay for piano tones, except the top two octaves, was 
found to be a double decay. These decays are expressed in terms 
of a time constant, being the time that would be required for a
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d e c a y  o f  6 0 d B .  M A R T I N  ( 1 9 4 ? )  r e p o r t e d  t h a t  t h e  d e c a y  r a t e s  o f  
a d j a c e n t  n o t e s  m a y  v a r y  b y  a s  m u c h  a s  3:1. H i s  p a p e r  is  m a i n l y  
c o n c e r n e d  w i t h  d i f f e r e n c e s  b e t w e e n  a n  u p r i g h t  p i a n o ,  a  b a b y  g r a n d  
p i a n o  a n d  a n  e l e c t r o n i c  p i a n o  - t h e  e l e c t r o n i c  p i a n o  b e i n g  s i m i l a r  t o  
a c o n v e n t i o n a l  i n s t r u m e n t  b u t  w i t h  t h e  s o u n d b o a r d  r e p l a c e d  b y  
p i c k - u p s  a n d  a n  a m p l i f i e r .
A  s u r v e y  o f  t h e  l i t e r a t u r e  y i e l d e d  n o  i n f o r m a t i o n  o n  
h a r p s i c h o r d  d e c a y  t i m e s .
F L E T C H E R  ( 1 9 7 6 )  s u m m a r i s e s  t h e  m a i n  c a u s e s  f o r  d e c a y  
f r o m  a t h e o r e t i c a l  s t a n d p o i n t ,  g i v i n g  t h e  m a i n  c a u s e s  a s  t h e  e f f e c t s  
o f  e n d  t e r m i n a t i o n ,  a n d  f o r  t h e  s t r i n g  i t s e l f  a i r  a n d  i n t e r n a l  
d a m p i n g .
4 . 2 . 1 I n i t i a t i o n  o f  v i b r a t i o n  b y  p l u c k i n g  t h e  s t r i n g
I f  [the i n i t i a l  d i s p l a c e m e n t  o f  a  s t r i n g  i s  p r o d u c e d  b y  
p l u c k i n g ,  t h a t  i s  p u l l i n g  t h e  s t r i n g  t o  o n e  s i d e  b y  a n a r r o w  p l e c t r u m  
a n d  s u d d e n l y  r e l e a s i n g  t h e  s t r i n g ,  t h e  w a v e f o r m  w h i c h  t r a v e l s  a l o n g  
t h e  s t r i n g  d e p e n d s  o n  t h e  n a t u r e  o f  t h e  b e n d  a t  t h e  p o i n t  o f  p l u c k i n g .  
I f  t h e  s t r i n g  h a s  l e n g t h  L, a n d  t h e  p l e c t r u m  o f  i n f i n i t e l y  s m a l l  
w i d t h  i s  a t  a  p o i n t  x  * a, t h e  s t r i n g  m a y  b e  r e p r e s e n t e d  a s  i n  
F i g  4 . 1
Figure 4.1
4.3
The solution of the wave equation for a finite string is given by 
equation 1.10
v^ fl=c
L_r\*\
A t  t i m e  t = 0  , t h i s  r e d u c e s  t o
KiP
A  =  \ \—
T h e  v e l o c i t y  v^ o f  t h e  s t r i n g  i n  t h e  'y* d i r e c t i o n  i s  g i v e n  b y  
a n d  a t  t = 0 ,
fv - '
S u b s t i t u t i n g  t h e  F o u r i e r  T h e o r e m  i n  e q n .  4 . 1
A„ = I  4 . ^
S u b s t i t u t i n g  i n  e q n  4 . 2
= A  ( V. swk
“'o L-
F r o m  f i g .  4 . 1 ,  t h e  i n i t i a l  c o n d i t i o n s  a r e  
y  = a >  X >  0
y = Vs L >  X  > a
lU-0-3
F o r  a p l u c k e d  s t r i n g ,  t h e  s t r i n g  v e l o c i t y  a t  t h e  m o m e n t  o f  r e l e a s e ,  
t h a t  i s  a t  t = 0  , i s  z e r o  ; h e n c e  B ^ =  0,
I r  %  -  C  1 r  ‘‘- I  ^
" £ j L i   Swt .
a.n> Cu-a)
S i n c e  A  = 0, w h e n  s i n  ^  = 0, t h e n  p a r t i a l s  w i t h  m o d e  n u m b e r s
&  , . . . . w i l l  h a v e  z e r o  a m p l i t u d e .  F o r  t h e  h a r m o n i c  s t r i n g*\ fS =*
p a r t i a l s  w i t h  n o d e s  a t  t h e  p l u c k i n g  p o i n t  h a v e  z e r o  a m p l i t u d e .
T h e  a m p l i t u d e  o f  t h e  r e m a i n i n g  p a r t i a l s  a r e  p r o p o r t i o n a l  t o  1 / n ^
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4.2.2______ Initiation of vibration by striking the string
T h e  a n a l y s i s  o f  t h e  s t r u c k  s t r i n g  i s  q u i t e  c o m p l e x ,  b u t  
i s  s i m p l i f i e d  c o n s i d e r a b l y  i n  t h e  f o l l o w i n g  d i s c u s s i o n .  I f  t h e  s t r i n g  
i s  h i t  b y  a n a r r o w  ’k n i f e  e d g e *  h a m m e r  t h e  s t r i n g  m a y  b e  r e p r e s e n t e d  
a s  i n  F i g .  4 . 2  .
t = o
Î»c»< acr L
F i g  4 . 2
j tjVerc. c lo tSe V-eloc»-^  of-
F o r  t h e  s t r u c k  s t r i n g ,  e q u a t i o n s  4 . 3  a n d  4 . 4  a p p l y .
S i n c e  a t  t =  0, t h e  d i s p l a c e m e n t  o f  t h e  s t r i n g  i s  z e r o ,  =  0. 
E q u a t i o n  4 , 4  m a y  b e  w r i t t e n
B  _ —  r '^*'1
" Jo V-
— ^  U
—  4'S
s i n c e  t h e  v e l o c i t y  i s  z e r o  a t  a l l  x  e x c e p t  a t  a,
a n d  w h e r e  u  i s  t h e  ( v e l o c i t y  o f  t h e  s t r i n g  a t  a ) x (  i n f i n i t e s i m a l  l e n g t h
w h e r e  s t r u c k ) .
S i n c e  B „ =  0  w h e n  s i n  nTrx = 0, t h e n  p a r t i a l s  w i t h  m o d e  n u m b e r s
JL , 2^ , 3 L  . . . .  w i l l  h a v e  z e r o  a m p l i t u d e s .  F o r  t h e  h a r m o n i c  s t r i n g
K rv
p a r t i a l s  w i t h  n o d e s  a t  t h e  s t r i k i n g  p o i n t  h a v e  z e r o  a m p l i t u d e .
T h e  a m p l i t u d e  o f  t h e  r e m a i n i n g  p a r t i a l s  a r e  p r o p o r t i o n a l  t o  l / n  .
4.5
The difference between the amplitudes of the partials for the plucked 
and struck strimgs are shown in fig. 4.3 . The fundamental is 
shown with an amplitude of 0 dB.and the frequency scale is linear 
giving an equal distance between the partials.
oaB '
-4oas-
P L U C K E D  S T R I N G
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FIG 4.3
STRUCK STRING
It may be plainly seen from the figure above that the 
struck string is richer in its upper partials than the plucked string.
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4.3 ____ Other effects
The preceding discussion described the idealised spectra 
of piano and harpsichord strings, taking into account the hammer/ 
plectrum positions. This may be modified by taking into account 
the effect of piano hammer or harpsichord plectrum length along the 
string, impact time and string stiffness. These effects are discussed 
by BENADE (1976), who offers no detailed discussion on how he arrives 
at his conclusions. The following notes are based on the conclusions 
given by Benade.
4.3.1______ Plectrum position
The principle of supperposition applies when several 
plectra are used. The spectrum produced by several plectra acting 
simultaneously may be found by combining the spectrum of each plectrum 
as if it were acting alone, taking care to account for the initial 
direction of movement when combining the spectra.
Two plectra pulling in the same direction will act 
similarly to a plectrum pulled back twice as far, provided the 
inter-plectrum distance is less that 1 / 3  of X * / 2 ;
where X a. is the wavelength of the n^ mode measured along the string,
and \  is twice the length of the string.
Two plectra pulling in the same direction will produce
no excitation, for any mode where n . X»\ = inter-plectrum distance,
2.
where n is an odd integer.
For modes where is almost equal to the inter—plectrum
distance, the excitationwil] be weak.
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4.3.2 Length of the hammer along the string
The idealised force distribution produced by a hammer of 
length W is shown in fig 4.4 .
ôÇ- ^ iT>ce
Figure 4.4
The way in which the hammer length modfifies the spectrum 
depends on the relationship between the hammer length and the 
wavelengfjfe of the mode along the string.
Modes for which ^  are excited in almost exactly the 
same way as by a narrow hammer.
Modes for which.WCf ^  are excited about half as strongly 
as they would be by a narrow hammer.
Modes for which W ^ recieve almost no excitation.
4.3.3 Impact time
The idealised force variation with time is shown in 
fig, 4.5 . The way in which impact time modifies the spectrum 
depends upon the relationship between contact tfme T^ , and the period 
of oscillation of the mode under consideration, P^ . = 1/ f^.
4.8
V^ a,^ A\Vaèe
Figure 4.5
Modes for which T^<C ^  are excited in almost exactly the 
same way as by a theoretical hammer which strikes and rebounds 
instantly.
Modes for which are excited about half as strongl
as by a theoretical hammer.
Modes for which >  9% recieve almost no excitation, due 
mainly to the absorbtive effects of the felt hammer.
4.3.4 String stiffness
In the context of the present discussion string stiffness 
modifies the initial shape of the string, as shown in fig 4.6 .
This effectively lengthens the plectrum or hammer along the string.
Fig 4.6
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4.4.1______ General termination and reflection coefficient
For the finite string it is neccessary to consider the
complete solution of the wave equation.
y = R, e nz ^ 1,5
where A, = the amplitude of the incident wave
and = the amplitude of the reflected wave.
At the end of the string the force exerted on the termination
is ^  , which may be found by differentiating eqn. 1.5 •
è>c
j  T  k  .  {  R, e  4 . 9
aac
The velocity at this point is ^  and may be found from eqn 1.5 ,
at
ab
e 4 . 1 0
The ratio of the force at the termination to the velocity at the 
termination is the terminating impedance Zf .
-  -  ■ - Ü  ■ ^ ' * • "
Since Z^ =
r ft. >
{ A. ei'" )
At the origin, where x * 0,
j —
( ft, +
Letting K = A^/ A^ , the complex amplitude reflection coefficient
ftx "Z-o-Xr
K . ^  = xTTX '1.14
l l  ' 4-1-G
Since power is proportional to amplitude squared,
the power reflection coefficient = *= \ K  4.'’^
and the power transmission coefficient * W t = ^
= \ - \^ \ 4.11
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4.4.2______ The string in damped resonant vibration
The solution of the wave equation in section 1.3 assumed 
rigid supports, and the implicit assumption of no damping. Damping 
may be caused by
a) loss of energy to the air by radiation
b) losses caused by internal friction of the string
c) loss of energy to the supports.
In the following only the latter will be discussed.
From section 1.6, the energy associated with a vibrating string is
E = to^ M (l.l6)
4
Since the amplitude of vibration is related to the velocity amplitude 
by A , where V is the velocity amplitude, eqn. 1.6 may
be written
E = % M
The energy E associated with the string will vary slowly with time 
as energy is lost.
The power flow to each support = % ^ V
= I /KC \/^
The rate of energy lost to EACH support = -
= yA c cpi-r V
For both supports, the rate of loss of energy from the STRING
The decay rate of energy = 6 E ~ c.
It
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I f  t h e  i n i t i a l  e n e r g y  a t  t i m e  t = 0 ,  i s  
T h e  e n e r g y  a t  s o m e  t i m e  l a t e r  i s  g i v e n  b y
E  = E c  c  
In E = In E^ + t \
I f  t h e  r e v e r b e r a t i o n  t i m e  i s  d e f i n e d  a s  t h e  t i m e  t a k e n  f o r  t h e  
e n e r g y  t o  f a l l  t o  1 0 ^  o f  i t s  i n i t i a l  v a l u e  ( a f a l l  o f  6 0  d B )
T h e n  t h e  r e v e r b e r a t i o n  t i m e  = 1 ^  = I n  1 0
olj.C.
T h e  a s s u m p t i o n  t h a t  t h e  i m p e d a n c e  o f  t h e  s u p p o r t s  i s  m u c h  g r e a t e r  
t h a n  t h e  c h a r a c t e r i s t i c  i m p e d a n c e  o f  t h e  s t r i n g  i s  s u p p o r t e d  b y  
F U C H S  (1976), w h o  g i v e  f o r  t h e  p i a n o  a f i g u r e  o f  6 0 0  ; 1 .
E q u a t i o n  4 . 1 9  a g r e e s  w i t h  t h a t  g i v e n  b y  B E N A D E  ( 1 9 7 6 )  w h o  g i v e s
d e c a y  t i m e  ^  m o v i n g  m a s s
4 .5.1 M e a s u r e m e n t  o f  d e c a y  o f  p i a n o  t o n e s
I n  t h e  f o l l o w i n g  e x p e r i m e n t  t h e  m a i n  o b j e c t i v e  w a s  t o  
e x a m i n e  t h e  e f f e c t  o f  t r i p l e  a n d  s i n g l e  s t r i n g i n g  o n  p i a n o  d e c a y  
t i m e s .  A s  a  p i a n o  w a s  o n l y  a v a i l a b l e  f o r  a s h o r t  t i m e  i t  w a s  d e c i d e d  
t o  o n l y  e x a m i n e  a s i n g l e  n o t e  i n  e a c h  o c t a v e .
T h e  p i a n o  u s e è  i n  t h e  e x p e r i m e n t s  w a s  t h a t  u s e d  i n  t h e  
p r e v i o u s  e x p e r i m e n t s ,  d e s c r i b e d  i n  s e c t i o n  2 . 7 . 2  .
T h e  p i a n o  t o n e s  w e r e  f i r s t  r e c o r d e d  a s  t h e y  a r e  o n  t h e  
p i a n o ,  a n d  t h e n  t h e  r e c o r d i n g  r e p e a t e d  w i t h  e a c h  p i a n o  n o t e  h a v i n g  
o n l y  o n e  s t r i n g  s o u n d i n g ,  t h e  o t h e r  s t r i n g s  b e i n g  m u t e d  w i t h  f e l t  
w e d g e s .
T h e  n o t e s  t o  b e  e x a m i n e d  w e r e  t u n e d  a n d  t h e  a c t i o n  
r e g u l a t e d  b y  a n  e x p e r i e n c e d  p i a n o  t e c h n i c i a n .  A  B & K  1 ” m i c r o p h o n e
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t y p e  4 1 4 5  w a s  p l a c e d  1 m e t r e  b e h i n d  t h e  s o u n d b o a r d  a n d  t h e  s i g n a l  
f e d  t o  t h e  a m p l i f i e r  s e c t i o n  o f  a B & K  2 0 1 0  a n a l y s e r .  T h e  t o n e s  
w e r e  r e c o r d e d  o n  a s e r i e s  3 N a g r a  t a p e  r e c o r d e r  a t  a  s p e e d  o f  
381 m m / s .  T h e  n o t e s  w e r e  s t r u c k  b y  h a n d  w i t h  a p p r o x i m a t e l y  e q u a l  
f o r c e ,  a  m e c h a n i c a l  s t r i k e r  b e i n g  u n a v a i l a b l e .
T h e  s t r i n g i n g  o n  t h e  p i a n o  w a s  a s  f o l l o w s
Cl C 2  S i n g l e  s t r i n g s  w o u n d
C 3  B i - c h o r d  w o u n d
C 4  C 5  C 6  C 7  C 8  T r i — c h o r d  p l a i n  s t e e l
T h e  t a p e  w a s  r e p l a y e d  t h r o u g h  a  B & K  a n a l y s e r  t y p e  2 0 1 0  i n  t h e
n o n - s e l e c t i v e  m o d e ,  a n d  t h e  d e c a y  c u r v e s  p l o t t e d  o n  a  B & K  l e v e l  
r e c o r d e r  t y p e  2 3 0 7 .
P a p e r  s p e e d  1 0  m m / s
W r i t i n g  s p e e d  500 m m / s
P o t e n t i o m e t e r  50 d B
L o w e r  l i m i t i n g  f r e q u e n c y  2 0  H z  
R e c t i f i e r  T r u e  R . M . S .
T h e  r e v e r b e r a t i o n  t i m e s  f o r  b o t h  m u l t i p l e  s t r i n g s  a n d  s i n g l e  s t r i n g s  
w e r e  m e a s u r e d  u s i n g  t h e  p r o t r a c t o r  s u p p l i e d  w i t h  t h e  l e v e l  r e c o r d e r .  
T h e  r e s u l t i n g  g r a p h s  f r o m  t h e  l e v e l  r e c o r d e r  a r e  s h o w n  o n  
p a g e s  4.13 t o  4 . 1 7 .
Piano tones - as on the piano*
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Brüe! & Kjær
Ci QP 1102
Brüel & Kjær
QP 1102
04
4.15
C6
 ^ \
C 7
4.10
^lano tones - single strings only - other strings damped
I t) SCCJ
SC£S
C:
Brüel & Kjær
L ^ 4>" '2 Sees
Cf QP 1102
C7
4,17
Brüel & Kjær
iM
I I ' 1 1
G — 0.2) sets
1
QP 1102 (68
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F r o m  t h e  d e c a y  c u r v e s  s h o w n  o n  p a g e s  4 , 1 3  t o  4 . 1 7 ,  t h e  m e a s u r e d
r e v e r b e r a t i o n  t i m e s  
R e v e r b e r a t i o n  t i m e s
w e r e  a s  f o l l o w s ;
• A s  o n  t h e  p i a n o S i n g l e  s t r i n g s
I n i t i a l I n t e r m e d i a t e  F i n a l I n i t i a l  F i n a l
C l 4 . 4 1 1 4
0 2 7 . 4 7 2
C 3 4 . 7 8 4 9 . 0  31
0 4 4 . 0 6 0 11 5 3
0 5 2 . 2 6 . 8  3 2 6 . 8  24
0 6 0 . 8 3 . 0  2 8 2 . 4  4 2
0 7 0 . 6 0 . 9  1 0
0 8 1 . 0 0 . 3
G r a p h s  o f t h e  a b o v e r e v e r b e r a t i o n  t i m e s w e r e  p l o t t e d ,  a n d  t h e s e
a r e  s h o w n o n  p a g e s 4 , 1 9  a n d  4 . 2 0  .
F o r  t h e  b i - c h o r d s ,  t h e  r a t i o  o f  i n i t i a l  s i n g l e  s t r i n g  
r e v e r b e r a t i o n  t i m e  t o  i n i t i a l  b i - c h o r d  r e v e r b e r a t i o n  t i m e  w a s  
a p p r o x i m a t e l y  2 ; 1  ,
F o r  t h e  l o n g e r  s t r i n g  l e n g t h  t r i - c h o r d s ,  t h e  r a t i o  o f  
i n i t i a l  s t r i n g  r e v e r b e r a t i o n  t i m e  t o  i n i t i a l  t r i - c h o r d  r e v e r b e r a t i o n  
t i m e  w a s  a p p r o x i m a t e l y  3 ; 1  . T h i s  d i d  n o t  h o l d  f o r  t h e  v e r y  s h o r t  
s t r i n g s .
Dëciÿümë
ttnfeJeray
iJDBCAY-TMS [as 00| piano]
-1“!
(seconds)
lANO; J3ECAY T M I 5 ngle sti
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4.5.2 _____ Comparison of the author^s results with other
e x p e r i m e n t e r s *  w o r k
T h e  r e v e r b e r a t i o n  t i m e s  m e a s u r e d  c o r r e s p o n d  c l o s e l y  w i t h  
t h e  r e s u l t s  o b t a i n e d  b y  M A R T I N  ( 1 9 4 7 ) .  H e  c o n c l u d e d  t h a t  a d o u b l e  
r e v e r b e r a t i o n  t i m e  i s  t y p i c a l  f o r  t h e  l o w e r  f o u r  o c t a v e s  o f  t h e  
p i a n o ,  a n d  g i v e s  i n i t i a l  r e v e r b e r a t i o n  t i m e s  v a r y i n g  f r o m  1 0  s e c o n d s  
i n  t h e  b a s s  t o  j u s t  u n d e r  1 s e c o n d  i n  t h e  e x t r e m e  t r e b l e .  H i s  g r a p h s  
s h o w  a s m o o t h e r  c h a n g e  i n  i n i t i a l  r e v e r b e r a t i o n  t i m e s  f o r  a b a b y  
g r a n d  p i a n o  c o m p a r e d  w i t h  h i s  r e s u l t s  f o r  a n  u p r i g h t  p i a n o .
I n  t h e  a u t h o r s *  e x p e r i m e n t s ,  t h e  3 : 1  r a t i o  f o r  i n i t i a l  
r e v e r b e r a t i o n  t i m e  w i t h  s i n g l e  s t r i n g s  c o m p a r e d  w i t h  t h e  s a m e  s t r i n g s  
a s  t r i - c h o r d s  c o n f i r m s  t h e  t h e o r y  g i v e n  b y  B E N A D E  ( 1 9 7 6 ) .  B e n a d e  
s t a t e s  t h a t  w h e n  i n i t i a l l y  e x c i t e d  t h e  t h r e e  s t r i n g s  o f  t h e  t r i — c h o r d  
v i b r a t e  i n  p h a s e  a n d  h e n c e  t h e  w a v e  i m p e d a n c e  o f  a t r i - c h o r d  i s
t h r e e  t i m e s  t h a t  o f  a s i n g l e  s t r i n g ;  w h e n  t h e  s t r i n g s  b e c o m e  o u t  o f
p h a s e  d u e  t o  t u n i n g  d i f f e r e n c e s  t h e  i m p e d a n c e  f a l l s  a n d  t h e  
r e v e r b e r a t i o n  t i m e  i n c r e a s e s .
I n  t h e  a u t h o r * s  e x p e r i m e n t s ,  t h e  i n t e r m e d i a t e  r e v e r b e r a t i o n  
t i m e  i s  a p p r o x i m a t e l y  t h r e e  t i m e s  t h e  i n i t i a l  r e v e r b e r a t i o n  t i m e ,  
a n d  ths s a m e  a s  t h e  s i n g l e  s t r i n g  r e v e r b e r a t i o n  t i m e  a s  m a y  b e  s e e n  
f o r  t h e  i n t e r m e d i a t e  r e v e r b e r a t i o n  t i m e s  n o t e d  f o r  t h e  0 5  a n d  0 6  
s t r i n g s .  I n  t h e  a u t h o r * s  e x p e r i e n c e  a n o t h e r  p h e n o m e n a  o c c a s i o n a l l y  
o c c u r s ;  s o m e t i m e s  a t r i - c h o r d  m a y  b e  t u n e d  t o o  p e r f e c t l y  a n d  t h e  
s t r i n g s  o f  t h e  t r i - c h o r d  c o n t i n u e  t o  v i b r a t e  i n  p h a s e ,  g i v i n g  a 
v e r y  l o u d  n o t e  w i t h  a  s h o r t  r e v e r b e r a t i o n  t i m e .  T h i s  g i v e s  a 
r e v e r b e r a t i o n  t i m e  w h i c h  d o e s  n o t  m a t c h  t h o s e  o f  t h e  a d j a c e n t  
n o t e s ,  w h i c h  i s  m u s i c a l l y  u n d e s i r a b l e .  W h e n  t h i s  o c c u r s  m o s t  t u n e r s
r e m e d y  t h e  s i t u a t i o n  b y  a s l i g h t  d e - t u n i n g .
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F L E T C H E R  ( 1 9 7 6 )  n o t e s  t h e  o t h e r  f a c t o r s  w h i c h  a f f e c t  
d e c a y .  H e  n o t e s  t h a t  t h e  o t h e r  t w o  m a i n  c a u s e s  a r e
1)  A i r  d a m p i n g  w h i c h  h o l d s  f o r  r
^  ^  i w h i c h  h o l d s  f o r  ^
2 )  I n t e r n a l  d a m p i n g  oL ^  w h i c h  i s  n e g l i g i b l e  f o r  s t e e l  a n d
I p i a n o  w i r e .
w h e r e  ^  = d e n s i t y
Y  = Y, +  j , c o m p l e x  Y o u n g *  s m o d u l u s
r  = r a d i u s  o f  t h e  s t r i n g
f  » f r e q u e n c y  o f  v i b r a t i o n
In a  l a t e r  p a p e r  F L E T C H E R  (1977) g i v e s  m o r e  d e t a i l  o f  h i s  t h e o r y
a n d  a l s o  s o m e  e x p e r i m e n t a l  r e s u l t s  r e l a t i n g  t o  t h e  h a r p s i c h o r d ,  
u n f o r t u n a t e l y  h i s  e x p e r i m e n t a l  r e v e r b e r a . t i o n  t i m e s  a r e  * ^ e s t i m a t e d  
d e c a y  t i m e s  t o  i n a u d a b i l i t y * ’.
4.5.3 Comparison of piano decay and similar experiments
with a harpsichord
A  s u r v e y  o f  t h e  l i t e r a t u r e  y i e l d e d  l i t t l e  i n f o r m a t i o n  
,on h a r p s i c h o r d  d e c a y  t i m e s .  A s  s t a t e d  a b o v e  F L E T C H E R  ( 1 9 7 7 )  o n l y  
g i v e s  * * e s t i m a t e d  d e c a y  t i m e s  t o  i n a u d a b i l i t y * * .
F r o m  t h e  p r e v i o u s  e x p e r i m e n t  o n  p i a n o  d e c a y  i t  w o u l d  b e  
e x p e c t e d  t h a t  t h e  d o u b l e  d e c a y  f o u n d  o n  m u l t i p l e  s t r i n g s  a c t i v a t e d  
b y  a  s i n g l r  h a m m e r  w o u l d  n o t  b e  f o u n d  i f  m u l t i p l e  s t r i n g s  w e r e  
a c t i v a t e d  b y  s e p a r a t e  p l e c t r a  a s  i n  t h e  h a r p s i c h o r d .  I f  t h i s  w e r e  
t h e  c a s e  i t  w o u l d  s u g g e s t  t h a t  t h e  d o u b l e  d e c a y  f o r  p i a n o  s t r i n g s  i s  
d u e  t o  s t r i n g s  v i b r a t i n g  i n  p h a s e  a n d  l a t e r  a t  r a n d o m  p h a s e .  S t r i n g s  
a c t i v a t e d  b y  s e p a r a t e  p l e c t r a  w o u l d  i n i t i a l l y  v i b r a t e  w i t h  r a n d o m
4.23
phase, and hence have only a single decay.
The harpsichord used in the following experiments was 
made at the London College of Furniture, being a copy of a Ruckers, 
having two 8* stops one fitted with a leather buff, and also 
a single 4' stop.
The harpsichord was tuned and voiced by an experienced 
harpsichord technician.
A B&K 1 ” microphone type 4145 was placed 1 metre above 
the soundboard and the signal fed to the amplifier section of a 
B&K 2 0 1 0  analyser. The tones were recorded on a series 3 Nagra 
tape recorder at a tape speed of 381 mm/s. The notes were struck by 
hand with approximately equal force, a mechanical striker being 
unavailable.
The harpsichord tones recorded were 
single 8* 
double 8*
single 8* with buff stop. ^
The 4* stop was not recorded. Strings not being played were damped 
by the felts on the jacks.
The tape was replayed through the B & K  2 0 1 0  analyser in the 
non-selective mode, and the decay curves plotted on a B & K  level 
recorder type 2307.
P a p e r  s p e e d  1 0  m m / s
W r i t i n g  s p e e d  5 0 0  m m / s
P o t e n t i o m e t e r  5 0  d B
L o w e r  l i m i t i n g  f r e q u e n c y  2 0  H z
R e c t i f i e r  T r u e  R . M . S .
4.24
The resulting graphs of harpsichord decay curves are 
shown on pages 4.25 to 4,27 .
The reverberation times were measured using the protractor 
supplied with the level recorder and are tabulated below.
Note String material Length Diameter Reverberation time
mm mm seconds
2 x 8 » 1 X 8» 1 x 8 »
buff
C2 Brass 1555 0.5 18 16.2 12.8
C3 Phosphor bronze 1100 0.3 8.4 11.4 6.3
C4 Steel 670 0.27 6.9 5.4 2.3
C5 Steel 330 0.25 4.9 3.9 1.4
C6 Steel 170 0.2 2.5 3.0 0.9
From the.above table graphs of reverberation time 
against note were drawn, and these may be seen on page 4.28 •
The results are very much as predicted, similar reverberation 
times for single and double strings and a much shorter reverberation 
time for the buff stop.
As with the piano, the higher strings have shorter 
reverberation times. Unlike the piano, multiple strings do not 
exhibit a double decay. This is because with the piano multiple strings 
hit by the same hammer initially vibrate in phase, the later slow 
decay occuring when the strings have started to vibrate out of 
phase. Since the harpsichord used separate plectra for each string 
in multiple strung notes the strings initially vibrate with random 
phase, accounting for their single decay time.
Harpsichord decay - douh3e strings
4.25
QP 1102
fee QP 1102
Harpsichord decay - single strings
4,26
ic<- -C^
' QP 1102
Harpsichord decay - buff stop
4.27
lLdFF— Srcci»
QP 1102
4.28
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5^____________Summary and conclusions
T h e  s i m p l e  t r e a t m e n t  o f  t h e  v i b r a t i n g  s t r i n g  o u t l i n e d  
i n  t h e  f i r s t  c h a p t e r  d o e s  n o t  a d e q u a t e l y  d e s c r i b e  t h e  v i b r a t i n g  
s t r i n g  a s  f o u n d  i n  t h e  p i a n o .  T h e  m a i n  f a c t o r  a f f e c t i n g  t h e  s t r i n g  
w h i c h  w a s  n o t  t a k e n  i n t o  a c c o u n t  w a s  t h e  s t i f f n e s s  o f  t h e  s t r i n g .
I t  w a s  s h o w n  i n  t h e  s e c o n d  c h a p t e r  t h a t  t h e  m a i n  e f f e c t  o f  
s t i f f n e s s  w a s  a  r a i s i n g  o f  t h e  p a r t i a l  f r e q u e n c i e s  f r o m  t h e  
f r e q u e n c i e s  p r e d i c t e d  b y  t h e  s i m p l e r  t r e a t m e n t .  T h e s e  r e s u l t s  w e r e  
c o n f i r m e d  e x p e r i m e n t a l l y  i n  t h e  t h i r d  s e c t i o n  d e a l i n g  w i t h  
i n b a r m o n i c i t y .
T h e  m a j o r  e f f e c t  o f  s t i f f n e s s  a n d  t h e  c o n s e q u e n t  e f f e c t  
o n  t h e  p a r t i a l  f r e q u e n c i e s  o f  t h e  s t r i n g s  i’S t h e  e f f e c t  o n  t h e  
t u n i n g  o f  t h e  * p i a n o .  U s i n g  c o n v e n t i o n a l  t u n i n g  m e t h o d s  t h i s  r e s u l t s  
i n  t h e  m i d d l e  ( o r  t e m p e r a m e n t )  o c t a v e  n o t  b e i n g  t u n e d  e x a c t l y  t o  
e q u a l  t e m p e r a m e n t .  T h e  u p p e r  e n d  o f  t h i s  o c t a v e  i s  a p p r o x i m a t e l y  
2 . 2  c e n t s  s h a r p e r  t h a n  t h e  l o w e r  e n d ,  t h e  e x a c t  f i g u r e  d e p e n d i n g  
o n  t h e  s c a l i n g  ( s t r i n g  l e n g t h  a n d  d i a m e t e r )  o f  t h e  p i a n o .  T h e  
d e v i a t i o n s  a r e  s h o w n  f o r  t h e  p i a n o  u s e d  i n  t h e  e x p e r i m e n t s  o n  
p a g e  3 . 1 6 .  T h e  e f f e c t  w i l l  b e  c o n t i n u e d  t o  t h e  s t r i n g s  o u t s i d e  
t h e  m i d d l e  o c t a v e ,  a n d  r e s u l t s  i n  t h e  t u n i n g  h a v i n g  " s t r e t c h e d  
o c t a v e s " ,  t h a t  i s  t h e  h i g h e r  o c t a v e s  b e c o m e  p r o g r e s s i v e l y  s h a r p e r  
a n d  t h e  l o w e r  o c t a v e s  p r o g r e s s i v e l y  f l a t t e r .
T h e  m i d d l e  o c t a v e  c o u l d  b e  t u n e d  e x a c t l y  t o  e q u a l  
t e m p e r a m e n t  i f  t h e  b e a t  r a t e s  c a l c u l a t e d  i n  s e c t i o n  3 . 3  w e r e  u s e d .  
T h i s  w o u l d  r e s u l t  in  a b e a t i n g  o c t a v e  f r o m  t h e  l o w e r  e n d  o f  t h e  
t u n i n g  o c t a v e  t o  t h e  u p p e r  e n d  o f  t h e  t u n i n g  o c t a v e . .T h e  b e a t  
r a t e s  t o  a c h i e v e  t h i s  t u n i n g  h o w e v e r  a r e  d e p e n d a n t  o n  t h e  s c a l i n g  
o f  t h e  p a r t i c u l a r  p i a n o  b e i n g  t u n e d ,  a n d  h e n c e  i s  i m p r a c t i c a b l e
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a s  t h e  h e a t  r a t e s  w o u l d  h a v e  t o  b e  r e - c a l c u l a t e d  f o r  e a c h  
d i f f e r e n t  m o d e l  o f  p i a n o .
T h e  s t i f f n e s s  o f  t h e  s t r i n g s  a l s o  a f f e c t s  t h e  i n i t i a l  
s h a p e  o f  t h e  p l u c k e d  o r  s t r u c k  s t r i n g .  T h i s  s m o o t h i n g  o f  t h e  
i n i t i a l  s h a p e  o f  t h e  s t r i n g  b e f o r e  i t  b e g i n s  t o  v i b r a t e  w i l l  
c h a n g e  t h e  p a r t i a l  s t r u c t u r e ,  r e s u l t i n g  i n  a l o w e r i n g  o f  t h e  
a m p l i t u d e  o f  t h e  h i g h e r  p a r t i a l  i n  t h e  s p e c t r u m .  T h e  i d e a l i s e d  
s p e c t r a  f o r  p l u c k e d  a n d  s t r u c k  s t r i n g s  a r e  d i s c u s s e d  a t  t h e  
b e g i n n i n g  o f  s e c t i o n  f o u r .
A n o t h e r  d i f f e r e n c e  b e t w e e n  t h e  i d e a l  s t r i n g  a n d  t h e  
p i a n o  s t r i n g  i s  t h a t  t h e  s u p p o r t s  ( o r  b r i d g e s )  o n  t h e  p i a n o  d o  
m o v e  a n d  a r e  n o t  s t a t i o n a r y .  A  b r i e f  d i s c u s s i o n  a t  t h e  e n d  o f  t h e  
f i r s t  c h a p t e r  c o n c l u d e s  t h a t  t h i s  c o u l d  r e s u l t  i n  a r a i s i n g  o r  
l o w e r i n g  o f  t h e  p a r t i a l  f r e q u e n c y  d e p e n d i n g  o n  t h e  b e h a v i o u r  o f  
t h e  s o u n d b o a r d  a n d  b r i d g e  a t  t h e s e  p a r t i c u l a r  f r e q u e n c i e s .  T h i s  
i s  s h o w n  d i a g r a m m a t i c a l l y  i n  f i g u r e  1 . 4 .
T h e  d e c a y  o f  b o t h  ( s t r u c k )  p i a n o  a n d  ;i p l u c k e d ) 
h a r p s i c h o r d  s t r i n g s  a r e  d i s c u s s e d  i n  s e c t i o n  f o u r .  T h e  e x p e r i m e n t a l  
r e s u l t s  o b t a i n e d  f o r  t h e  p i a n o  s t r i n g  a g r e e d  w e l l  w i t h  r e s u l t s  
o b t a i n e d  b y  p r e v i o u s  e x p e r i m e n t e r s .  B o t h  s i n g l e  a n d  m u l t i p l e  
c o u r s e  s t r i n g  r e v e r b e r a t i o n  t i m e s  w e r e  m e a s u r e d  a n d  t h e  i n i t i a l  
r e v e r b e r a t i o n  t i m e  t o  i n t e r m e d i a t e  t i m e  w a s  f o u n d  t o  h a v e  t h e  
e x p e c t e d  3 ; 1  r a t i o .  T h e  f i n a l  r e v e r b e r a t i o n  t i m e  m e a s u r e d  w a s  
p r o b a b l y  d u e  t o  t h e  a c o u s t i c s  o f  t h e  r o o m  i n  w h i c h  t h e  e x p e r i m e n t s  
w e r e  p e r f o r m e d .
F o r  t h e  h a r p s i c h o r d , m u l t i p l e  s t r i n g i n g  d i d  n o t  
s i g n i f i c a n t l y  a f f e c t  t h e  r e v e r b e r a t i o n  t i m e s ,  w h i c h  w a s  e x p e c t e d .  
T h e  b u f f  s t o p  r e d u c e d  t h e  r e v e r b e r a t i o n  t i m e  t o  8 0 ^  i n  t h e  b a s s  
a n d  3 0 %  i n  t h e  t r e b l e .
T h e r e  i s  s c o p e  f o r  f u r t h e r  w o r k  o n  t h e  a c o u s t i c s  o f  t h e
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p i a n o  a n d  h a r p s i c h o r d .  I n  p a r t i c u l a r  t h e  r e l a t i o n s h i p  b e t w e e n  
s t r i n g  a n d  s o u n d b o a r d  i m p e d a n c e  c o u l d  b e  i n v e s t i g a t e d  w i t h  r e g a r d  
t o  t h e  e f f e c t s  o n  t h e  p a r t i a l  f r e q u e n c i e s  a n d  a l s o  t h e  r e v e r b e r a t i o n  
t i m e s .
T h e  r e v e r b e r a t i o n  t i m e  e x p e r i m e n t s  c o u l d  b e  r e p e a t e d
i n j a n  a n e c h o i c  c h a m b e r  t o  r e m o v e  t h e  e f f e c t s  o f  r o o m  a c o u s t i c s .
A l t e r n a t i v e l y  a n  e l e c t r o - m a g n e t i c  p i c k  u p  o r  a n  a c c e l e r o m e t e r
m a y  b e  u s e d  i f  a n  a n e c h o i c  c h a m b e r  i s  u n a v a i l a b l e .
A n  i m p o r t a n t  c o n c l u s i o n  f r o m  t h e  e x p e r i m e n t s  a n d
s u r v e y  o f  t h e  t h e o r e t i c a l  l i t e r a t u r e  i s  t.hat t h e  s c a l i n g  ( i . e .
s t r i n g  l e n g t h s  a n d  d i a m e t e r s )  o f  a n  i n s t r u m e n t  a r e  o f  m a j o r
i m p o r t a n c e .  T h e y  h a v e  a n  a f f e c t  o n  t h e  r e v e r b e r a t i o n  t i m e  a s  n o t e d
i n  s e c t i o n  4 . 5 . 2  b u t  m o r e  i m p o r t a n t  a f f e c t  t h e  t u n i n g  o f  t h e
i n s t r u m e n t .  A l t h o u g h  t h e  c o n c l u s i o n s  a r e  m a i n l y  o f  i n t e r e s t  t o
t h e  d e s i g n e r  t h e y  a r e  a l s o  i m p o r t a n t  t o  t h e  m u s i c i a n .  I n  t h e
>
p e r f o r m a n c e  o f  m u s i c  r e q u i r i n g  t w o  k e y b o a r d  i n s t r u m e n t s  c o m p a t i b l e  
t u n i n g  i s  d e s i r a b l e .  H e n c e  b o t h  i n s t r u m e n t s  s h o u l d  h a v e  t h e  s a m e  
s c a l i n g  i . e  t h e y  s h o u l d  n o t  o n l y  b e  o f  t h e  s a m e  m a n u f a c t u r e ,  b u t  
b e  o f  t h e  s a m e  m o d e l .
A1
A P P E N D I X  1W
P R A C T I C A L  V E R S I O N S  O F  M E R S E N N E S  L A W
T h e  n o t e s  i n  t h i s  a p p e n d i x  a r e  l i m i t e d  t o  v e r s i o n s  
u s e d  i n  B r i t a i n ,  P r a c t i c e s  i n  t h e  U . S . A .  m a y  b e  f o u n d  i n  
M c F E R R I N  ( 1 9 7 2 ) .  T h e  f o l l o w i n g  f o r m s  o f  M e r s e n n e s  L a w  a r e  p r a c t i c a l  
i n  t h e  s e n s e  t h a t  t h e y  a r e  t h o s e  u s e d  i n  t h e  B r i t i s h  p i a n o  
i n d u s t r y .  T h e  u s e  o f  a  c o n s t a n t  K  i s  n o t  s t r i c t l y  c o r r e c t ,  a s  
t h i s  c o n s t a n t  d o e s  v a r y ,  a n d  i s  n o t  d i m e n s i o n l e s s .
M e r s e n n e s  L a w  m a y  b e  w r i t t e n
t ‘ i z  \l l A
w h e r e  A i s  t h e  c r o s s  s e c t i o n  a r e a  o f  t h e  s t r i n g
A .
, _L ^ K.
“T fU
I t  is  c o m m o n  p r a c t i c e  i n  t h e  p i a n o  i n d u s t r y  t o  e x p r e s s  
t e n s i o n s  b y  t h e  m a s s  w h i c h  w h e n  a c t e d  u p o n  b y  g r a v i t y  p r o d u c e s  
t h a t  t e n s i o n .  F o r  p i a n o  w i r e ,  ^  , d e n s i t y  i s  7 8 0 0  k g . m . ^ ,  
a n d  if  t h e  l e n g t h  a n d  d i a m e t e r  o f  t h e  w i r e  a r e  m e a s u r e d  i n  
m i l l i m e t r e s ,  c o n s t a n t  K  b e c o m e s  4 0 0  x  1 0 ^ .
T h i s  v e r s i o n  o f  M e r s e n n e s  L a w  h a s  b e e n  r e c e n t l y  u s e d  i n  
C i t y  a n d  G u i l d s  e x a m i n a t i o n s  f o r  p i a n o  t e c h n i c i a n s .  ( S t r i n g e d  
K e y b o a r d  I n s t r u m e n t  D e s i g n ,  C & G  s u b j e c t  n o .
T h e  s a m e  e q u a t i o n  K  *=
T
i s  g i v e n  b y  W O L F E N D E N  ( 1 9 2 7 ) ,  b u t  u s i n g  d i f f e r e n t  u n i t s .  H e  h a s  
T  t h e  t e n s i o n  i n  p o u n d s  
d  t h e  s t r i n g  d i a m e t e r  i n  c m  
L  t h e  s t r i n g  l e n g t h  i n  c m  
a n d  K  i s  g i v e n  a s  1 8 6 0 0 ,
A2
I n  a p a p e r  b y  D A R B Y S H I R E  ( 1 9  ) e x p e r i m e n t s  a r e  d d s c r l b e d  i n  w h i c h
h e  a t t e m p t s  t o  p r o v e  t h e  v a l i d i t y  o f  t h e  u s e  o f  c o n s t a n t  K  i n  
p i a n o f o r t e  d e s i g n .  T h e  r e s u l t s  o f  h i s  e x p e r i m e n t s  s h o w e d  t h a t  
K  i s  n o t  a c o n s t a n t ,  b u t  v a r i e s  w i t h  t e n s i o n .  T h i s  r e q u i r e s  
f u r t h e r  i n v e s t i g a t i o n  a s  t h e  v a r i a t i o n  d o e s  n o t  s e e m  t o  b e  d u e  t o  
t h e  s t i f f n e s s  o f  t h e  w i r e .
)<^  ,ooo
— —  H\CotcJh£«l 
Vodoe
1 E ,000
J. — L _ >
V a r i a t i o n  o f  c o n s t a n t  K  w i t h  t e n s i o n  - 4 7 0 m m  s t r i n g
( a f t e r  D a r b y s h i r e ) .
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For wound strings, WOLFENDEN (1927) suggests the use 
of the constant K formulae discussed in appendix 1, modified by- 
using K = 20 000 instead of his plain steel value of 18 600.
T h i s  w o u l d  o n l y  b e  s a t i s f a c t o r y  i f  t h e  c h a n g e  i n  t e n s i o n  f r o m  
p l a i n  t o  w o u n d  s t r i n g s  w a s  t h e  s a m e  i n  a l l  p i a n o s ,  a n d  t h e r e  w a s  
a u n i f o r m  c h a n g e  i n  e f f e c t i v e  d e n s i t y .  T h e  e f f e c t i v e  d e n s i t y  
b e i n g  d u e  t o  a s t e e l  c o r e  a n d  c o p p e r  w i n d i n g  d e n s i t y  b e i n g  t a k e n  
i n t o  a c c o u n t .
I t  s h o u l d  b e  b o r n e  i n  m i n d  t h a t  c y l i n d r i c a l  c o r e s  
a r e  n o t  u n i v e r s a l ,  a m o d e m  t r e n d  b e i n g  t h e  i n t r o d u c t i o n  o f  
h e x a g o n a l  c o r e s  t o  p r e v e n t  l o o s e n i n g  o f  t h e  w i n d i n g s .
M c F E R R I N  ( 1 9 7 2 )  a s s u m e s  t h a t  t h e  c o r e  i s  c y l i n d r i c a l  
a n d  w o r k s  o n  t h e  * e f f e c t i v e  m a s s  p e r  u n i t  l e n g t h * .
slreeL Cote.
T h e  ' e f f e c t i v e  m a s s  p e r  u n i t  l e n g t h *  i s  g i v e n  b y
^ p 4- -W 2) ^
w h e r e  D  is t h e  d i a m e t e r  o f  t h e  w i n d i n g
d i s  t h e  d i a m e t e r  o f  t h e  c o r e
Ç i s  t h e  c o r e  d e n s i t y  ( s t e e l )
i s  t h e  w i n d i n g  d e n s i t y  ( c o p p e r )
T h i s  is n o t  c o m p l e t e l y  s a t i s f a c t o r y  h o w e v e r ,  W O L F E N D E N  ( 1 9 2 7 )  
n o t e s  t h a t  d u e  t o  t h e  w i n d i n g  p r o c e s s  t h e  f i n i s h e d  d i a m e t e r  o f  t h e  
w o u n d  s t r i n g  i s  l e s s  t h a n  t h e  e x p e c t e d  s u m  o f  t h e  c o m p o n e n t s .
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W o u n d  s t r i n g s  d o  n o t  h a v e  a  u n i f o r m  l i n e a r  d e n s i t y ,  i n  s i n g l e  
w o u n d  s t r i n g s  t h e  w i n d i n g  f i n i s h e s  b e f o r e  t h e  e n d  o f  t h e  s t r i n g
a n d  o n l y  t h e  c o r e  p a s s e s  o v e r  t h e  b r i d g e .  T h e  s i t u a t i o n  i s
a g g r a v a t e d  i n  t h e  c a s e  o f  d o u b l e  w o u n d  s t r i n g s  i n  t h e  e x t r e m e
b a s s  s e c t i o n s  o f  t h e  p i a n o .
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T h i s  i m p o r t a n t  c o n c e p t  w a s  f i r s t  p u b l i s h e d  b y  
K O C K  ( 1 9 3 7 )  , a n d  l a t e r  u s e d  i n  a  p a p e r  b y  E X L E Y  ( 1 9 6 9 ) .  
T h e  a n a l o g y  i s  i l l u s t r a t e d  b y  t h e  f o l l o w i n g  t a b l e .
S T R I N G
d i s p l a c e m e n t  y
m o m e n t u m  o f  u n i t  l e n g t h  ^  
l i n e a r  d e n s i t y  u
r e c i p r o c a l  o f  t e n s i o n  
v e l o c i t y  o f  p r o p a g a t i o n  c 
c h a r a c t e r i s t i c  i m p e d a n c e
t r a n s v e r s e  v e l o c i t y
T R A N S M I S S I O N  L I N E  
c u r r e n t  i
v o l t a g e  T
i n d u c t a n c e  p e r  u n i t  l e n g t h  
c a p a c i t a n c e  p e r  u n i t  l e n g t h  
v e l o c i t y  o f  p r o p a g a t i o n  
c h a r a c t e r i s t i c  i m p e d a n c e
L  àiC,
c
Vo
'at
A5
t J a u e  <x. ctTL<vg
X
3C. 3C4 Sx  o.
dUf^ C-VuMs »\ r^»Y*5C.HcVv
 W Ï 1X
L6x
->— 'O
C 4 - ^  e t c
d*c
33c
C o n s i d e r i n g  a n  e l e m e n t  o f  t h e  t r a n s m i s s i o n  l i n e  / s t r i n g
X  = X t
w h e r e  i s  t h e  m o m e n t u m  o f  t h e  s t r i n g  p e r  -unit l e n g t h  
C o m b i n i n g  t h e s e  e q u a t i o n s  g i v e  t h e  w a v e  e q u a t i o n  ( s e e  e q n  1 . 1 )
I n p u t  i m p e d a n c e  i s  g i v e n  b y
2»^ a - j y Z  cotVoc % — j Cot Voc
N o t e  -  t h e  t r a n s m i s s i o n  l i n e  i s  o p e n  c i r c u i t .
V a r i a t i o n  o f  i n p u t  i m p e d a n c e  t o  t h e  t r a n s m i s s i o n  l i n e  y i e l d s  
g r a p h s  s i m i l a r  t o  t h o s e  s h o w n  o n  p a g e  1 . 1 1  ,
A n  a l t e r n a t i v e  e l e c t r i c a l  /  m e c h a n i c a l  s y s t e m  w a s  
p r e s e n t e d  b y  F I R E S T O N E  ( 1 9 3 3 )  a n d  t h i s  w a s  u s e d  b y  S H A R M A N  ( 1 9 6 1 )  
t o  d e v e l o p  a n  a l t e r n a t i v e  f o r m  o f  t r a n s m i s s i o n  l i n e  a n a l o g y .
T h e  v i b r a t i o n  o f  a  d a m p e d  s t r i n g  m a y  b e  r e p r e s e n t e d  b y  c o n s i d e r i n g  
t h e  c a s e  o f  a  l o s s y  t r a n s m i s s i o n  l i n e .
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APPENDIX M  
BREAKING INDEX
For the fundamental mode of vibration, Mersennes Law 
may be written
where <f is the stress in the string = T / S
S is the cross section area of the string 
This has been expressed by ABBOTT & SEGERMAN (1974) in terms of 
breaking stress and breaking frequency.
Breaking index = fg L = -^  J ^
The subscript ^ refers to breaking.
The breaking index may be defined as the product of string length 
and breaking frequency for that string. The breaking index will be 
a constant for any string material - given the limitations of 
Mersennes Law outlined in section 1,7 , and Appendix 1,
Some typical figures for breaking index are tabulated
below -
Material Breaking index (m Hz)
Piano wire 280 to 295
Nylon aproximately 275
Phosphor bronze 145 to 165
Iron 130 165
Copper 105 120
Beryllium bronze (% hard) approximately 210
Brass 100 to 175
Gut 275 295
The concept of breaking index is a useful one in instrument 
design.
The upper limit for the frequency of a string has been discussed 
by various authors, usually expressed as the maximum useable
A7
frequency divided by the breaking frequency, or the number of 
semitones represented by this interval.
If n is the number of semitones between maximum useable frequency
and breaking frequency -
Breaking index f L ( 'fFmin
This is a guide to selection of string material if the string 
length is known and the number of semitones below breaking pitch 
ass med from knowledge of similar instruments.
Typical number of semitones below breaking pitches are tabulated 
below -
WOLFENDEN (1916) gives data which yields 
Top string of piano 
Lowest plain string of piano 
THOMAS & RHODES (1967)
16c copper wire (harpsichord) 
ABBOTT & SEGERMAN (1974)
16 & 17c. (plucked instruments)
4 semitones 
Tk semitones
3 semitones
2 semitones,
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ELECTRONIC AIDS FOR THE TEACHING OF PIANO TUNING 
JOHN LINCOLN
DEPT. MUSICAL IÎJSTRUMENT TECHNOLOGY , LONDON COLLEGE OF FURNITURE
Abstract i
The paper outlines the procedure of 'laying the bearings' for an equal 
tempered scale, showing the importance of beats. A beat metronome is 
described based on an integrated circuit, and also a single octave practice 
organ which may be used for classroom demonstrations. The paper concludes 
by describing a device to assess the manipulative abilities of prospective 
students.
' Laying the bearings' and beats
The modern piano is theoretically tuned in equal temperament. The 
octave F3 to FA (the octave containing middle C) is first mutod with a 
strip of felt so that a single string in each tri-chord only will sound. 
When this octave has been tuned - a procedure Itnown as 'laying the 
bearings' - the other strings in the octave are then tuned so that the 
three strings for each note sound in unison. The rest of the piano is I
then tuned in octaves from this original octave using felt wedges and !
other devices to mute strings when necessary.
The C string is first tuned to a tuning fork and then the lower F 
tuned to the C string. The frequency of the C string is 261.03 Hz and 
the theoretical frequency of the F string 174.61 Hz. Hence the F string 
is tuned a perfect fifth below the C and then tempered by being 
sharpened by 0.59 Hz ; this being the beat rate. Assuming perfect strings- 
Second harmonic of 261,63 Hz 523.25 Hz
Third harmonic of 174,61 Hz 523,84 Hz
Difference frequency 0,59 Hz i
The other notes in the octave are then tuned, the fifths being tempered :
by narrowing the interval by the appropriate amount and the fourths by 
widening the interval. It is possible when the beat rates arc nearly 
correct to use checks involving sixths and thirds to assess accuracy of 
bearings and to correct the scale.
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Tuning senuence and beat rates for octave F3 to F4. f AT = P.P.n U t. 1
04 down to F3 Narrow just interval by 0.59 beats per second
04 do^vn to G3 Widen 0.89
03 up to D4 Narrow 0.67
D4 doivn to A3 Widen 0.99
A3 up to E4 Narrow 0.74
E4 down to D3 Widen 1.12
D3 down to Widen 0.84
F|3 up to C#4 Narrow 0.63
0^4 down to G#3 Widen 0.94
0^3 up to D#4 Narrow 0.70
D{;4 doivn to A#3 Widen 1.05
A#3 up to F4 Narrow 0.79 ■
The student tuner is faced with memorising the beat rates and although 
this can be aided by counting against the second hand of a watch, it was |
decided that an electronic metronome could be built.
The beat rate metronome
The device was Intended to be portable and batterypowered with accuracy 
maintained as long as there was an audible output. The latter was necessary, 
as the device was to be used by,blind as well as sighted students and a 
positive indication of low battery voltage was required. This was achieved 
by using a stabilised supply for the 1C's which gave zero output when I
the battery voltage fell below 5 volts ; the timing 10 was stable to ;
well below this voltage.
The audio output is in the form of accurately timed pips; the timing
being switchablo as required ('tuning> beat rates or 'check' beat rates). '
On some prototypes the frequency of the pip tone was variable from the 
front panel. The metronome was calibrated using a Racal VLP counter.
Timing 10 RS 555 ' I
Nor gates (pip oscillator) SN 7402 
Nand gates SN 7400
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O.Olu F
" O A T j F
'5  V
O.Oj F
'5 00  U 5 0 0
2 2 u F
Gtraf rate mdronome
Single octave tuning practice organ
Due to the transient nature of piano tones it is difficult to demonstrate, 
in a classroom, beats and their use in tuning. It was decided to build a 
single octave practice organwhich would not only solve this problem but 
also be suitable as an aid for a student with difficulty in hearing or 
counting beats.
Thirteen Wien bridge oscillators covering the range F3 toFA were built, 
the output being a clipped sine waveand the frequency adjusted by ten turn 
potentiometers. The multi-turn potentiometers were used to reduce the 
degree of manual dexterity required to tune the instrument.
The output was fed to a loudspeaker, and also to a non-linear amplifier 
and Schmitt trigger which operated a panel lamp to provide a visual 
indication of the beat. A secondary output was available to connect to the 
VLF counter to give a digital indication of the boat rate.
13 oscilla tors mixing busbar
non linear anp Sdmitt trigger lamp and driver
Manipulative assessment device
This device consists of a section of wrest plank and a wrest (tuning) 
pin which tensions a length of piano wire. The tension is measured using
A U
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strain gauges on the supporting mild steel bar sho^m in the diagram. The 
tension is indicated by a meter, the sensitivity of which may be switched 
by adjusting the gain of the differential amplifier.
wrest pin
©
differentia l
amplifier
meter
strain gaiges
In use, a prospective student is asked to 'tune' the device using a 
standard piano tuning hammer and bring the meter pointer to a pre-determined 
mark. The sensitivity is re-adjusted and the procedure repeated enabling 
an assessment of the manipulative ability of the applicant. The sensitivities 
were set using the subjective judgement of a number of experienced piano 
tuners.
References
WILLIMiS, CARRUTIIERS, EVANS & KINSLER, "Circuit designs" Wireless World 
IPG Business Press, 1975.
SCHUCK & YOUNG, "Observations on the vibrations of piano strings", 
J.A.S.A.. vol.15, no.1, 1-11, 1943.
B1
B1__________ BIBLIOGRAPHY - REFERENCES
A B B O T T  &  S E G E R M A N  ( 1 9 7 4 ) ,  " S t r i n g s  i n  t h e  1 6 t h  a n d  1 7 t h  c e n t u r i e s " .
r
Galpin Society Jnl.27. (48-73). Corrections GBJ*28, (134).
B A C K U S , J . ,  (1969). " T h e  a c o u s t i c a l  f o u n d a t i o n s  o f  m u s i c " M u r r a y .
B A C O N  &  B O W S H E R  ( 1 9 7 6 ) .  " A  d i s c r e t e  s t r i n g  mo c l e l " ,  P r o c  I n s t i t u t e  
o f  A c o u s t i c s  , (3 .1.1 -  3 . 1 . 4 ) .
B E D F O R D , L . H . , ( 1 9 7 2 ) .  " E l e c t r o n i c  a i d s  f o r  t h e  t u n i n g  o f  m u s i c a l  
i n s t r u m e n t s " .  T h e  R a d i o  &  E l e c t r o n i c  E n g i n e e r . 42/9 «
B E N A D E , A . H . , ( 1 9 7 6 ) .  " F u n d a m e n t a l s  o f  m u s i c a l  a c o u s t i c s " O x f o r d  
U n i v  P r e s s .
D A R B Y S H I R E , J . H . , ( N . D . ) " TWft c o n s t a n t  K  —  1 86O O ,  i t s  u s e  i n  t h e o r y  
a n d  p r a c t i c e ". I n s t i t u t e  o f  M u s i c a l  I n s t r u m e n t  T e c h n o l o g y .
D O N K I N , W . F . , ( 1 8 8 4 ) .  "A c o u s t i c s " . C l a r e n d o n  P r e s s ,  O x f o r d .
E U L E R  (1747), " I n v e s t i g a t i o n  o f  t h e  c u r v e  f o r m e d  b y  a  v i b r a t i n g  
s t r i n g "  t r a n s .  L i n d s a y ,  s e e  L I N D S A Y  ( 1 9 7 3 ) .
E X L E Y , K . A . , (1969), " T o n a l  p r o p e r t i e s  o f  t h e  p i a n o f o r t e  i n  r e l a t i o n  
t o  b a s s  b r i d g e  m e c h a n i c a l  i m p e d a n c e " ,  J n l  o f  S o u n d  &  V i b r a t i o n .
9, (420-437).
FEATHER,N.,(1961), "An introduction to the physics of vibrations 
and waves ", Edinburgh Univ Press.
F E N N E R , K .  ( 1 9 5 9 ) ,  " T h e  d e t e r m i n a t i o n  o f  p i a n o  s t r i n g  t e n s i o n s " 
t r a n s .  E n g e l h a r d t , D a s  M u s i k i n s t r u m e n t .
F I R E S T O N E , F . A . , ( 1 9 3 3 ) ,  " A  n e w  a n a l o g y  b e t w e e n  m e c h a n i c a l  a n d
e l e c t r i c a l  s y s t e m s " ,  J n l  A c o u s t i c a l  S o c  o f  A m e r i c a . 4, ( 2 4 9 - 2 6 7 ) .
F L E T C H E R , N . , ( 1 9 6 4 ) ,  " N o r m a l  v i b r a t i o n  f r e q u e n c i e s  o f  a  s t i f f  S t r i n g "  
J n l  A c o u s t i c a l  S o c  A m e r i c a . 3 6 / 1 ,  ( 2 0 3 - 2 0 9 ) .  s e e  K E N T  ( 1 9 7 7 )
F L E T C H E R , N . H . , ( 1 9 7 6 )  " P l u c k e d  s t r i n g s  -  a  r e v i e w " .  C a t g u t  A c o u s t i c a l  
S o c  N e w s l e t t e r . 2 6 ,  ( 1 3 - 1 7 ) .
B2
FLETCHER,N.H*, (-1977) "Analysis of the design and performance of 
harpsichords" Acustica, 37, (139-147).
FLETCHER, BLACKHAM & STRATTON, (1962), "Quality of piano tones",
Jnl Acoustical Soc America. 34, (749-761). see KENT (1977)
FUCHS,H.,(1976), "Mechanical impedance of the string and soundboard" 
trans. Engelhardt, Das Musikinstrument. 25, (286-290).
HEIMHOLTZ, (I885) "On the sensations of tone", reprinted Dover 1954.
HUNTER, J.L., (1957), "Acoustics". Prentice Hall.
KENT,E.L., (1977) "Musical acoustics ; Piano and wind instruments" 
(contains reprints of several important papers), Dowden Hutchinson 
& Ross.
KOCK,W.E.,(1937), "The vibrating string considered as an electrical 
transmission line", Jnl Acoustical Soc America. 8, (227-233), 
see KENT (1977)
LINDSAY,R.B., (1973) "Acoustics ; Historical and philosophical 
development", (contains reprints of several important papers), 
Dowden Hutchinson & Ross.
McFERRIN,W.V.,(1972), "The piano.its acoustics". Tuners Supply Co.
MARTIN,D.W., (1947), "Decay rate of piano tones", Jnl Acoustical 
Soc America. 19/4, (535-541). see KENT (1977)
MORSE,R.M., (1948), "Vibration and sound". McGraw Hill.
OLSON,H.F .,(1967) "Music, physics and engineering". Dover, 
reprint of "Musical engineering", (1952).
PARSONS,W.T.,(1970), "Stiffness in harpsichord strings", Galpin Soc 
Jnl. 23, (164-165).
RAILSBECK,O.L.,(1938), "Scale temperament as applied to piano tuning" 
Jnl Acbustical Soc America. 9,(274)
RAYLEIGH,J.W.S., (1894), "The theory of soundV reprinted Dover(l945).
B3
S H U C K  &  Y O U N G  (1943), "Observations on the vibration of piano 
strings", Jnl Acoustical Soc America. 15/1, (1-11). 
see KENT (1977)
SHANKLAND & COLTMAN (1939), "The departure of the overtones of a 
vibrating wire from a true harmonic series", Jnl Acoustical Soc 
America. 10, (161-166).
I
SHARMAN,R.V., "A vibrating string analogy with an electrical 
transmission line", Jnl Electronics Control. It/3, (233-239)
THOMAS & RHODES,(1967), "The stringing scales of Italian harpsichords" 
Galpin Soc Jnl. 20, (48-62).
WOOD,A.B., (1937D "A textbook of sound". G.Bell & Sons Ltd.
WHITE,W.B.,(1972), "Piano tuning and allied arts". Tuners Supply Co.
WOLFENDEN, S. (l916 and 1927), "A treatise on the art of pianoforte 
construction" reprinted Unwin Bros. (1975).
YOUNG,R.W., (1952), "Inharmonicity of plain wire piano strings",
Jnl Acoustical Soc America. 24/3, (267-273).
et
APPENDIX OF COMPUTER AND CALCUL;^ TOR PROGRAXOlïks 
APPENDIX Ct
Calculator programme - Linear regression fxi. 5“T <roL\<io\att.ry 
Programme calculates
Slope =
Intercept = ^ _ nv3C C.
o>zc}
Correlation coefficient = r 
where r ^  = tr?'
User instruction
STEP PRESS DISPLAY
1 OFF/ON LRN 00 00
2 Enter programme
3 INV * Ct RST
k X, xirt y, R/S 1
X ^ t  y,
etc.
R/S 2
5, SBR 0 Slope
SBR 1 Intercept
s?>Ra, y ? Correlation
INV * Ct RST
New data may be entered as step 4
Note, * signifies second function key
Programme
KEY
*1+
R/S 
RST 
*LBL 0 
RCL 5
C2
ADDRESS
RCL 0
* X
X
* i N V x
* INV
INV SBR 
#LBL 1 
SBR 0 
X
* INV X
V -
00
or
02
03
04
05
06
07
08
09
10 
11 
12
13
14
15
16
17
18
19
20
CODE
88 
81 
71 
86 0 
33 5 
45
33 0 
65
89 
55 
-89 
85 
45 
—80
85 
-61
86 1 
61 0 
55
-89
84
, + 21 75
» X V' 22 89
23 85
INV SBR 24 -61
*LBL 2 25 86
SBR 0 26 61
27 23
T 28 45
* or^ 29 80
X 30 55
* INV 0'^ 31 —80
32 85
INV SBR 33 -61
COmiENT
/ Se»\ofis Çof s\oV>e
C3
APPENDIX C2
Computer programme to calculate beat rates for equal temperament
assuming harmonic strings.
10 REMtCALLED ETBEAT ON 380Z DISC 
20 REM* J LINCOLN 1980 
30 ? CHR$(12)
40 ?"EQUAL TEMPERED SCALE AND HARMONICS 
50 ?"FOR F3 TO F4
60 ?"INPUT A4 FREQUENCY AND TYPE RETURN 
70 ?"
80 ?"435 Hz NORMAL CONTINENTAL ,QUEENS HALL
90 ?"439 NEW PHILHARMONIC
100 ?"440 BRITISH STANDARD
110 ?"444 MEDIUM,OLD RSA
120 ?"452 KNELLER HALL
130 ?"454 OLD PHILHARMONIC
140 PRECISION 7
150 INPUT F
160 DIMA(13,8)
170 ?CHR$(12)
180 ?"A4 HAS FREQUENCY"F"Hz"
190 ?
200 ?
210 A(5,1)=F/2 
220 FOR 1=1 TO 13 
230 IF 1=5 GOTO 250
240 IF 1 = 1 THEN A(I,1)=A(5,1)/(2"(1/3))ELSE A(1,1)=A(1-1,1)*(2*(1/12) )
250 FOR J=1 TO 8
260 A (I,J) =A(I,1)*J
270 PRINT USING"######.##";A(I,J),
280 NEXT J 
290 ?
300 NEXT I 
310 ?
320 ?
330 E=3 
340 N=1 
350 ?
360 ?
370 ?"TYPE RETURN TO GIVE BEAT RATES"
380 IF E=3 GOTO 460
390 IF E=4 GOTO 520
400 IF E=5 GOTO 500
410 IF E=6 THEN E=7_
420 IF E=8 goto' 480 '
430 IF E=9 GOTO 540
440 ?"FOR FIFTHS 
450 G0T0550
460 ?"FOR MINOR THIRDS
470 GOTO 550
480 ?"FOR MINOR SIXTHS
490 G0T0550
500 ?"FOR FOURTHS
510 GOTO 550
520 ?"FOR THIRDS
530 G0T0550
540 ?"FOR SIXTHS
550 REM*M,N ARE NEAR COINCIDENT HARMONICS
C4
550 REH*M,N ARE NEAR COINCIDENT HARMONICS 
560 INPUT ZZ 
570 PRECISION 4 
580 M=N+E
590 IF M>13 GOTO 370 
600 REMtCONVERT NOTE NUMBER M +N TO 
610 REMfASCII IN SUBROUTINE 
620 X=N
630 GOSUB 1000
640 B$=CHR$(X)+CHR$(Z)
650 X=M
660 GOSUB 1000
670 C$=CHR$(X)+CHR$(Z)
D=A(M,2):G0T0740
D=A(M,S)YG0T0760
D=A(M,5):G0T0780
D=A(M,4):G0T0800
D=A(M,5):G0T0820
D=A(M,3):G0T0840
680 IF E=7 THEN G=A(N,3)
690 IF E=5 THEN G=A(N,4)
700 IF E=3 THEN G=A(N,6)
710 IF E=4 THEN G=A(N,5)
720 IF E=8 THEN G=A(N,8)
730 IF E=9 THEN G=A(N,5)
740 ?B$" TO "C$" FIFTH "(D-G)" BEATS NARROW 
750 GOTO 850
760 ?B$" TO "C$" FOURTH "(D-G)" BEATS WIDE"
770 GOTO 850
780 ?B$" TO "C$" MINOR THIRD "(D-G)" BEATS NARROW" 
790 GOTO 850
800 ?B$" TO "C$" THIRD "(D-G)" BEATS WIDE"
810 GOTO 850
820 ?B$" TO "C$" MINOR SIXTH "(D-G)" BEATS NARROW" 
830 GOTO 8.50
840 ?B$" TO "C$" SIXTH "(D-G)" BEATS WIDE"
850 N=N+1 
860 GOTO 580 
870 E=E+1
880 IF E=10 GOTO 900 
890 G0T0340 
900 STOP 
1000 REM*
1010 REMtSUBROUTINE TO CONVERT TO ASCII
1020 REM*FROM F=0,F#=2,G=3, ETC
1030 IF X<8 THEN X=X-1
1040 IF X=13 THEN X=X+1
1050 X=X/2
1060 Y=INT(X)
1070 Z=X-Y 
1080 X=Y
1090 IF X>1 THEN X=X+63
1100 IFX<=1 THEN X=X+70
1110 REM * VAL Z 32=SPACE, 70=N
1120 Z=Z*70
1130 IF Z=0 THEN Z=32
1140 RETURN
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APPENDIX C3
Calculator programme for partial frequencies of a stiff string 
fundamental ( f# ) tuned to equal temperament 
T I 57 Calculator.
Programme calculates fo from f, and , using 
fo = f, a/ I +
This result is stored and used to calculate partials us ing 
• * f n ~ T^fo V  1 +
^ input as data, having been previously calculated from string 
dimensions using
= 4.15 X 10** jd^ 2.
l" f,"
User instruction
STEP PRESS DISPLAY
1 OFF/ON LRN 0 0  0 0
2 Enter programme
3 , LRN RST
^ Numerical value of
5 STO 1, INV EE
6 Numerical value of f,
y  Flashes 1, displays f
^ Flashes 2 displays f
etc.
9 * INV Ct, RST
New data may be entered as step 4
Note, * signifies second function key
c  C,
Programme
KEY ADDRESS CODE
- 00 45
( 01 43
1 02 01
: + 03 75
RCL 1 04 33 1
) 05 44
X 06 24
= 07 85
STO 2 08 32 2
*LBL 1 09 86 1
1 10 01
SUM 0 11 34 0
* INV FIX 12 —48
RCL 0 13 33 0
* Pause 14 36
X 15 23
X 16 55
RCL 1 17 33 1
18 85
+ 19 75
1 20 01
= 21 85
X 22 24
X 23 55
RCL 0 24 33 0
X 25 55
RCL 2 26 33 2
= 27 85
* FIX 2 28 48 2
R/S 29 81
GTO 1 30 51 1
COmiENT
^C XCtlA^ ^OwvVitfT Cüg t‘w t-r ’y »r
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APPENDIX C3
Computer programme to predict the temperament for a piano with 
stiff strings when tuned to heat rates for fourths and fifth# 
traditionally used (those for harmonic strings)
10 REM*
20 REH*CALLED STIFF ON 380Z DISC 
30 REM*
40 REM*PR06RAMMED J LINCOLN 1980 
50 REM* HDE 9123 
60 REM*
70 REM*PROGRAMME.PREDICTS TEMPERAMENT 
80 REM*FOR A PIANO IF THE PARTIALS ARE 
90 REM*CALCULATED TAKING THE STRING 
100 REM*STIFFNESS INTO ACCOUNT 
110 REM*
120 REM*THE BEAT RATES ARE THOSE 
130 REM*CALCULATED IF EQUAL TEMPERAMENT 
140 REM*AND HARMONIC STRINGS ARE ASSUMED 
150 REM*
160 REM*ONLY BEAT RATES FOR FOURTHS AND 
170 REM*FIFTHS USED 
180 REM*
190 REM*PROGRAMME SUBSCRIPT 1 REFERS F3
200 REM* 2 F#3
210 REM* 3 G3
220 REM* ETC
230 REM*
240 REM*TUNING RANGE CONSIDERED IS FROM 
250 REM*F3 TO F4 
260 REM*
270 REM*TO CALCULATE BEAT RATES FOR FOURTHS AND FIFTHS
280 REM*HARMONIC STRINGS
290 REM* Cl REFERS FIFTH F3 TO C4
300 REM* 01 REFERS FOURTH F3 TO A#3
310 REM* ETC
320 rHARM O N I C  BEAT RATES"
330 F=440
340 REM*ARRAY TO HOllD HARMONICS OF NOTES F3 TO F4
350 DIM D(13,4) '
360 D(5,1)=F/2 
370 FOR 1=1 TO 13 
380 IF 1=5 GOTO 400
390 IF 1=1 THEN D(I,1)=D(5,1)/(2*(1/3))ELSE D(I,1)=D(I-1,1)*(2*(1/12))
400 FOR J=1 TO 4
410 D (I,J) =D(I,1)*J
420 NEXT J
430 NEXT I
440 E=7
450 DIM C(6)
460 FOR N=1 TO 6 
470 M=N+E
480 G=D(N,3):D=D(M,2)
490 C(N)=D-G 
500 ?"C"N,C(N)
510 NEXT N
C8
520 ?"
530 E=5 
540 DIM Q(8)
550 FOR N=1 TO 8 
560 M=N+E
570 G=D(N,4):D=D(M,3)
580 0(N)=D-G 
590 ?"0"N,Q(N)
600 NEXT N
610 REM*FOR PIANO OTHER THAN THAT USED 
620 REM*IN EXPERIMENTS ADD 
630 REM+GOTO 720 
640 DIM B(13)
650 B(1 )=3.3295726344E-04:B(2)=3.3087128598E-04 
660 B(3)=2.7014712845E-04:B(4)=2.6697524236E-04 
670 B(5)=2.9170532475E-04:B(6)=3.0708219249E-04 
680 B(7)=3.3836727861E-04:B(8)=3.7033264634E-04 
690 B(9)=4.1121501335E-04:B<10)=4.3717414732E-04 
700 B(11>=4.8239430119E“04:B(12)=5.346122441 IE-04 
710 B(13)=5.7836828221E-04 
720 GOTO 880 
730 ?CHR$(12)
740 REM*TO CALCULATE STIFFNESS FACTOR B 
750 ?"WHEN NOTE NAME IS FOLLOWED BY ?
760 ?"INPUT STRING LENGTH AND DIAMETER 
770 T-ALL DIMENSIONS IN METRES 
780 DIM B(13)
790 DATA *F","F#";"G","G#","A","A#","B","C","C#","D","D#","E"."F" 
800 S=2"(1/12)
810 FOR N=-4 TO 8
820 READ N$:?N$;:INPUT L,D
830 F=220 * (STN)
840 GOSUB 2020
850 B(N+5)=B
860 ?"B"<N+5),B(N+5)
870 NEXT N 
880 DIM A(13,5)
890 REM*ARRAY TO HOLD PARTIAL FREQUENCIES OF 
900 REM*NOTES F3 TO F4 (STIFF STRINGS)
910 REM*FUNDAMENTAL OF A2 SET TO 220 Hz 
920 A(5,1)=220
930 A(5,0)=A(5,1)/SQR(1+B(5))
940 FOR J=2 to 4
950 A(5,J)=A(5,0)*J*SQR(1+B(5)*J"2)
960 NEXT J
970 REM*FIFTH UP A TO E
980 M=5 :GOSUB 2050 • '
990 REM*FOURTH DOWN E TO B
1000 M=12:G0SUB 2150
1010 REM*FOURTH DOWN B TO F#
1020 M=7; GOSUB 2150 
1030 REM*FIFTH UP F* TO C#
1040 M=2 îGOSUB 2050
1050 REM+FOURTH DOWN C# TO G#
1060 M=9 :GOSUB 2150 
1070 REM*FIFTH UP G# TO D#
1080 M=4:G0SUB 2050
1090 REM*FOURTH DOWN D# TO A*
1100 M=11:G0SUB 2150 
1110 REM*FIFTH UP A# TO F 
1120 M=6:G0SUB 2050 
1130 REM*FOURTH DOWN F TO C 
1140 M=13:G0SUB 2150
1150 REM+FOURTH DOWN c TO G 
1160 M=8:G0SUB 2150 
1170 REM*FIFTH UP G TO D 
1180 M=3:G0SUB2050 
1190 REM*OCTAVE DOWN F TO F 
1200 M=13 
1210 N=H-12 
1220 A(N,2)=A(M,1)
1230 GOSUB 2080 
1240 F0RI=1 TO 13 
1250 PRINT "
1260 FOR J=0 TO 4
1270 PRINT USING "######.##";A(I,J),
1280 NEXT J 
1290 NEXT I
1300 PRINT" ,
1310 PRINT" I
1315 ?"PIANO TEMPERAMENT DEVIATION FROM EQUAL TEMPERAMENT" f
1320 DIM E(13) i
1330 FOR K=1 TO 13 
1340 R=A(K,1)/D(K,1)
1350 E(K)=1200*LOG(R)/LOG(2)
1360 PRINT K,E(K)
1370 NEXT K
2000 REM*****SUBROUTINES**********
2010 STOP
2020 B=4.15*10"6*D"2/(L~4*F~2)
2030 RETURN "  '
2040 STOP
2050 REM*FIFTH UP , M UP TO N 
2060 N=M+7
2070 A(N,2)=A(M,3)+C(M)
2080 A(N,0)=A<N,2)/(2*SQR(1+4*B(N)))
2090 A(N,1)=A(N,0)*SQR(1+B(N))
2100 FOR J=3 TO 4 j
2110 A(N,J)=A(N,0)*J*SQR(1+J*2*B(N)) i
2120 NEXT J ’■
2130 RETURN 
2140 STOP
2150 REM*FOURTH DOWN ,M DOWN TO N 
2160 N=M-5
2170 A(N,4)=A(M,3)-Q(N)
2180 A(N,0)=A(N,4)/(4*SQR(1+16*B(M)))
2190 FOR J=1 TO 3
2200 A<N,J)=A(N,0)*J*SQR(1+J"2*B(M))
2210 NEXT J 
2220 RETURN 
2230 STOP
READY:
